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,W LV D ZHOO NQRZQ ?)RON ZLVGRP� WKDW LQnQLWHO\ UHSHDWHG JDPHV DGPLW D PXOWLWXGH
RI HTXLOLEULD� DQG WKDW UHSHWLWLRQ DOZD\V H[SDQGV �ZHDNO\� WKH VHW RI HTXLOLEULXP SD\RmV�
7KLV SDSHU GHPRQVWUDWHV WKDW LQ VRPH W\SHV RI JDPHV� WKH W\SLFDO IRUP RI PXOWLSOLFLW\ LV
DQ DUWLIDFW RI WKH VWDQGDUG UHSUHVHQWDWLRQ ZKLFK DVVXPHV SHUIHFW V\QFKURQL]DWLRQ LQ WKH
WLPLQJ RI GHFLVLRQV EHWZHHQ WKH SOD\HUV� :H GHnQH KHUH D PRUH JHQHUDO IDPLO\ RI UHSHDWHG
VHWWLQJV FDOOHG UHQHZDO JDPHV� 6SHFLnFDOO\� D UHQHZDO JDPH LV D VHWWLQJ LQ ZKLFK D VWDJH
JDPH LV UHSHDWHG LQ FRQWLQXRXV WLPH� DQG DW FHUWDLQ VWRFKDVWLF SRLQWV LQ WLPH GHWHUPLQHG
E\ DQ DUELWUDU\ UHQHZDO SURFHVV VRPH VHW RI SOD\HUV PD\ EH FDOOHG XSRQ WR PDNH D PRYH�
$ VWDWLRQDU\ 0DUNRY SURFHVV GHWHUPLQHV ZKR PRYHV DW HDFK GHFLVLRQ QRGH� :H UHVWULFW
DWWHQWLRQ LQ WKLV SDSHU WR D VXEFODVV RI UHQHZDO JDPHV FDOOHG DV\QFKURQRXVO\ UHSHDWHG JDPHV�
LQ ZKLFK QR WZR LQGLYLGXDOV FDQ FKDQJH WKHLU DFWLRQV VLPXOWDQHRXVO\� 6SHFLDO FDVHV LQFOXGH
WKH DOWHUQDWLQJ PRYH JDPH DQG WKH 3RLVVRQ UHYLVLRQ JDPH� ,Q WKH ODWWHU� HDFK SOD\HU DGMXVWV
KLV DFWLRQ LQGHSHQGHQWO\ DW 3RLVVRQ GLVWULEXWHG WLPHV�

2XU PDLQ UHVXOW FRQFHUQV DV\QFKURQRXVO\ UHSHDWHG FRRUGLQDWLRQ JDPHV� )LUVW� LW LV VKRZQ
WKDW JLYHQ q ! �� LI SOD\HUV DUH VXpFLHQWO\ SDWLHQW WKHQ HYHU\ 3HUIHFW HTXLOLEULXP SD\Rm
FRPHV ZLWKLQ q RI WKH 3DUHWR GRPLQDQW SD\Rm LI WKH VWDJH JDPH LV SXUH FRRUGLQDWLRQ ZKHUH
WKH SD\RmV RI DOO SOD\HUV LQ WKH VWDJH JDPH DUH LGHQWLFDO XS WR DQ DpQH WUDQVIRUPDWLRQ� :H
DOVR VKRZ WKDW LW LV QRW JHQHUDOO\ WUXH WKDW UHSHWLWLRQ DOZD\V H[SDQGV �ZHDNO\� WKH VHW RI
HTXLOLEULXP SD\RmV LQ DV\QFKURQRXVO\ UHSHDWHG JDPHV�

-RXUQDO RI (FRQRPLF /LWHUDWXUH &ODVVLnFDWLRQ 1XPEHUV� &��� &���
.H\ZRUGV� UHSHDWHG JDPHV� DV\QFKURQRXVO\ UHSHDWHG JDPHV� UHQHZDO JDPHV� FRRUGLQDWLRQ
JDPHV�

e'HSDUWPHQW RI (FRQRPLFV� 8QLYHUVLW\ RI 3HQQV\OYDQLD� 3KLODGHOSKLD� 3$ ������ 86$� DQG 'HSDUWPHQW

RI (FRQRPLFV� 9LUJLQLD 3RO\WHFKQLF ,QVWLWXWH DQG 6WDWH 8QLYHUVLW\� %ODFNVEXUJ� 9$ ������ 86$�
\'HSDUWPHQW RI (FRQRPLFV� 8QLYHUVLW\ RI 3HQQV\OYDQLD� 3KLODGHOSKLD� 3$ ������ 86$� DQG ,QVWLWXWH RI

6RFLR�(FRQRPLF 3ODQQLQJ� 8QLYHUVLW\ RI 7VXNXED� ,EDUDNL ���� -DSDQ�
]:H ZRXOG OLNH WR WKDQN (GGLH 'HNHO� +VHXK�OLQJ +X\Q� +LGHVKL ,WRK� 0DPRUX .DQHNR� 3HWHU /LQKDUW�

*HRUJH 0DLODWK� 6WHSKHQ 0RUULV� 5R\ 5DGQHU� 3KLO 5HQ\� $QGUHZ 3RVWOHZDLWH� $ULHO 5XELQVWHLQ� DQG QX�

PHURXV VHPLQDU SDUWLFLSDQWV IRU PDQ\ XVHIXO GLVFXVVLRQV DQG VXJJHVWLRQV�
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7KH WKHRU\ RI LQnQLWHO\ UHSHDWHG JDPHV RmHUV OLWWOH SUHGLFWLYH FRQWHQW� ,W LV ZHOO NQRZQ IURP
WKH )RON 7KHRUHP WKDW LQnQLWHO\ UHSHDWHG JDPHV DGPLW D PXOWLWXGH RI HTXLOLEULD�� 7R IRFXV
RQ D SDUWLFXODUO\ UREXVW PXOWLSOLFLW\ SUREOHP� LW LV NQRZQ WKDW HDFK RQH VKRW 1DVK SD\Rm
LV DQ HTXLOLEULXP SD\Rm RI WKH LQnQLWH UHSHWLWLRQ RI D VWDJH JDPH� DQG HDFK SD\Rm GHULYHG
DV D FRQYH[ FRPELQDWLRQ RI RQH�VKRW HTXLOLEULXP SD\RmV �ERWK SXUH DQG PL[HG HTXLOLEULD� LV
DOVR DQ HTXLOLEULXP SD\Rm RI WKH UHSHDWHG JDPH� ,Q WKH VLPSOH� FDQQRQLFDO SXUH FRRUGLQDWLRQ
JDPH *� EHORZ� WKLV PHDQV WKDW DQ\ V\PPHWULF SD\Rm SDLU �X� X� ZLWK X LQ WKH LQWHUYDO
>� �� �@ LV DQ HTXLOLEULXP SD\Rm RI WKH LQnQLWH UHSHWLWLRQ RI *�� 7KHVH SD\RmV DUH UREXVW
ZLWK UHVSHFW WR YDULDWLRQV LQ ERWK GLVFRXQW SDUDPHWHUV DQG WKH HTXLOLEULXP FRQFHSW� 7KDW
LV� WKHVH SD\RmV UHPDLQ HTXLOLEULXP SD\RmV IRU DOO GLVFRXQW SDUDPHWHUV� DQG WKH\ UHPDLQ
SHUIHFW HTXLOLEULXP SD\RmV DV ZHOO�
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7KHVH REVHUYDWLRQV DUH QHLWKHU QHZ QRU VXUSULVLQJ� :KDW ZH HPSKDVL]H KHUH LV WKH ?)RON
ZLVGRP� WKDW UHSHWLWLRQ DOZD\V H[SDQGV �ZHDNO\� WKH VHW RI HTXLOLEULXP RXWFRPHV VLPSO\
EHFDXVH WKH UHSHWLWLRQ RI D RQH�VKRW 1DVK HTXLOLEULXP LV DOZD\V DQ HTXLOLEULXP� 7KHUHIRUH� LI
WKH VWDJH JDPH KDV PRUH WKDQ RQH HTXLOLEULD� UHSHWLWLRQ ZLOO QHYHU RYHUFRPH WKH PXOWLSOLFLW\
SUREOHP� 0RUHRYHU� WKLV LV D SDUWLFXODUO\ UREXVW SKHQRPHQD _ ZLWKLQ WKH VWDQGDUG IRUPXOD�
WLRQ RI UHSHDWHG SOD\� 2XU FRQWULEXWLRQ KHUH LV WR GHPRQVWUDWH ZK\� LQ VRPH W\SHV RI JDPHV�
WKLV ODVW DGGHQGXP LV QHFHVVDU\�

7KH VWDQGDUG PRGHO RI UHSHDWHG VWUDWHJLF SOD\ LV D GLVFUHWHO\ UHSHDWHG� VLPXOWDQHRXV PRYH
JDPH� 7KLV IRUPXODWLRQ DVVXPHV D SHUIHFW V\QFKURQL]DWLRQ LQ WKH WLPLQJ RI DFWLRQV EHWZHHQ
WKH SOD\HUV� $OWHUQDWLYHO\� WKLV DVVXPSWLRQ PD\ EH LQWHUSUHWHG DV KDYLQJ HDFK SOD\HU PRYH
LQ LJQRUDQFH RI WKH RWKHU SOD\HUV
 FXUUHQW PRYH� 7KH HmHFW RI WKLV DVVXPSWLRQ LQ JDPH *�
DERYH� IRU H[DPSOH� LV WKDW HDFK SOD\HU PD\ WDNH DQ DFWLRQ FRQVLVWHQW ZLWK D 3DUHWR LQIHULRU
VWDWLF HTXLOLEULXP RQO\ EHFDXVH KH H[SHFWV WKDW DOO RWKHUV ZLOO GR WKH VDPH� 6LQFH DOO SOD\HUV
PRYH DW RQFH� QR SOD\HU FDQ XQLODWHUDOO\ VLJQDO KLV LQWHQW WR GR RWKHUZLVH�

:KLOH WKH V\QFKURQL]HG PRYH LV QRW DQ XQUHDVRQDEOH PRGHO RI UHSHWLWLRQ LQ FHUWDLQ VHW�
WLQJV� LW LV QRW FOHDU ZK\ LW VKRXOG QHFHVVDULO\ EH WKH EHQFKPDUN VHWWLQJ IRU UHSHDWHG SOD\� ,Q

�6HH� IRU H[DPSOH� $EUHX ������ RU )XGHQEHUJ DQG 0DVNLQ ������� 5HIHUHQFHV WR HDUOLHU UHVXOWV PD\ EH

IRXQG LQ D VXUYH\ E\ $XPDQQ �������
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WKH UHDO ZRUOG PDQ\ UHSHDWHG VLWXDWLRQV DUH DV\QFKURQRXV E\ QDWXUH� $ GUDPDWLF H[DPSOH
LV WKH LQWHUFKDQJH EHWZHHQ WZR EUDQFKHV RI WKH VDPH nUP� RQH LQ 1HZ <RUN DQG WKH RWKHU
7RN\R� ZKR PXVW PRYH DV\QFKURQRXVO\ GXH WR WKH WLPH GLmHUHQFH EHWZHHQ WKH WZR FLWLHV�
7KH ?YRWLQJ JDPH� IRU D SUHVLGHQWLDO FDQGLGDWH RI D SDUW\ LQ WKH 8�6� KDV ERWK V\QFKURQRXV
DQG DV\QFKURQRXV PRYHV VLQFH YRWHV WDNH SODFH VLPXOWDQHRXVO\ IRU VRPH JURXS RI VWDWHV� EXW
WKH\ DUH VHTXHQWLDO DFURVV GLmHUHQW JURXSV RI VWDWHV� 6LPXOWDQHRXV DFWLRQV DUH� LQ IDFW� UDUH LI
SOD\HUV WDNH DFWLRQV UDQGRPO\ LQ WLPH �FRQVLGHU WKH H[FKDQJH RI H�PDLO EHWZHHQ FR�DXWKRUV���

,W VHHPV QDWXUDO LQ PDQ\ FRQWH[WV WKDW SOD\HUV PRYH DV\QFKURQRXVO\ WR LQLWLDWH D XQL�
ODWHUDO PRYH� :KLOH VLJQDOOLQJ FDQ RFFXU LQ WKH VWDQGDUG PRGHO� LW UHPDLQV SDUW RI WKH
FRRUGLQDWLRQ EXLOW LQ WR HTXLOLEULXP EHOLHIV UDWKHU WKDQ D SK\VLFDO DWWULEXWH RI WKH JDPH� ,I
QR WZR SOD\HUV FDQ PRYH DW RQFH WKHQ HYHQ LI D SOD\HU H[SHFWV WKDW RWKHU SOD\HUV ZLOO FKRRVH
WKH LQIHULRU HTXLOLEULXP KH PXVW ZDLW IRU WKHP WR DFWXDOO\ GR VR VLQFH DFWLRQV FDQQRW EH
SHUIHFWO\ V\QFKURQL]HG� 7KH ODFN RI V\QFKURQL]DWLRQ PD\ WKHUHIRUH HOLPLQDWH D ?FRRUGLQDWHG
PLVWDNH��

,Q WKLV SDSHU ZH GHVFULEH D JHQHUDO FODVV RI JDPHV ZLWK UHSHDWHG LQWHUDFWLRQ� VRPH RI
ZKLFK EUHDN WKH SHUIHFW V\QFKURQL]DWLRQ RI WKH VWDQGDUG PRGHO� ,Q VR GRLQJ ZH DUH DEOH
WR VLJQLnFDQWO\ SDUH GRZQ WKH VHW RI HTXLOLEULD LQ FHUWDLQ W\SHV RI VXFK JDPHV� :H FDOO
JDPHV LQ WKLV FODVV UHQHZDO JDPHV� 6SHFLnFDOO\� D UHQHZDO JDPH LV GHnQHG DV D VHWWLQJ LQ
ZKLFK D VWDJH JDPH LV UHSHDWHG LQ FRQWLQXRXV WLPH� DQG DW FHUWDLQ VWRFKDVWLF SRLQWV LQ WLPH�
GHWHUPLQHG E\ DQ DUELWUDU\ UHQHZDO SURFHVV� VRPH VHW RI SOD\HUV PD\ EH FDOOHG XSRQ WR PDNH
D PRYH� $ VWDWLRQDU\ 0DUNRY SURFHVV RSHUDWHV RQ D VHW RI ?GHFLVLRQ VWDWHV�� HDFK GHFLVLRQ
VWDWH GHWHUPLQLQJ ?ZKR PRYHV� DW HDFK MXPS LQ WKH UHQHZDO SURFHVV� 7KH SURFHVV LV DVVXPHG
WR KDYH WKH SURSHUW\ WKDW HYHU\ SOD\HU ZLOO REWDLQ D FKDQFH �DOPRVW VXUHO\� WR PDNH D PRYH
DIWHU DQ\ VWDWH� 7KH VWDQGDUG UHSHDWHG JDPH PRGHO LV VKRZQ WR EH D VSHFLDO FDVH RI D UHQHZDO
JDPH�

7KRXJK WKH FKDUDFWHUL]DWLRQ RI HTXLOLEULXP SD\RmV IRU JHQHUDO UHQHZDO JDPHV LV RXU HYHQ�
WXDO JRDO� ZH ZLOO OLPLW RXU DWWHQWLRQ LQ WKLV SDSHU WR DQ LQWHUHVWLQJ VXEFODVV RI UHQHZDO JDPHV
LQ ZKLFK QR PRUH WKDQ RQH SOD\HU PD\ UHYLVH KLV DFWLRQ DW DQ\ JLYHQ WLPH� :H FDOO WKH JDPHV
WKDW nW WKLV GHVFULSWLRQ DV\QFKURQRXVO\ UHSHDWHG JDPHV�

7ZR VSHFLDO FDVHV RI DV\QFKURQRXVO\ UHSHDWHG JDPHV DUH WKH WZR SOD\HU DOWHUQDWLQJ PRYH
JDPH �VHH� IRU H[DPSOH 0DVNLQ DQG 7LUROH �������� DQG WKH 3RLVVRQ UHYLVLRQ JDPH VWXGLHG
LQ VHYHUDO HYROXWLYH PRGHOV �VHH /DJXQRm DQG 0DWVXL ������ IRU RQH IRUPDO GHVFULSWLRQ��
,Q WKH IRUPHU� WKH UHQHZDO SURFHVV LV GHWHUPLQLVWLF� DQG HDFK SOD\HU PRYHV DW HYHU\ RWKHU
GHFLVLRQ VWDWH ZLWKRXW PRYLQJ WRJHWKHU ZLWK WKH RWKHU SOD\HU� ,Q WKH ODWWHU� HDFK SOD\HU
FDQ DGMXVW KLV DFWLRQ DW VWRFKDVWLF LQWHUYDOV GHWHUPLQHG E\ D 3RLVVRQ SURFHVV� (DFK SOD\HU
V
DGMXVWPHQW SURFHVV LV LQGHSHQGHQW RI DQ\ RWKHU SOD\HU
V� %RWK H[DPSOHV VKDUH WKH JHQHUDO
FKDUDFWHULVWLF RI DV\QFKURQRXVO\ UHSHDWHG JDPHV ZKLFK LV WKDW QR WZR LQGLYLGXDOV FDQ FKDQJH
WKHLU DFWLRQV VLPXOWDQHRXVO\� ,Q VXFK JDPHV WKH SOD\HUV
 DGMXVWPHQWV PD\ H[KLELW VRPH
LQHUWLD GXH WR HDFK SOD\HU
V �SRVVLEO\ VWRFKDVWLF� GHOD\� :H FRQVLGHU HTXLOLEULD ZKLFK DUH
UREXVW WR WDNLQJ WKH OLPLW DV WKH SOD\HUV
 GLVFRXQW UDWHV DSSURDFK ]HUR� RU DOWHUQDWLYHO\� WKH
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DYHUDJH GHOD\ EHWZHHQ D SOD\HU
V UHYLVLRQ RSSRUWXQLWLHV JRHV WR ]HUR� ,Q DOO VXFK JDPHV� ZH GR
QRW ERXQG WKH FRPSOH[LW\ RI HDFK SOD\HU
V EHKDYLRU VWUDWHJ\ H[FHSW WR DVVXPH WKDW VWUDWHJLHV
DUH FRQGLWLRQHG RQ WKH KLVWRU\ RI EHKDYLRU DW GHFLVLRQ RSSRUWXQLWLHV�

2XU nUVW UHVXOW SHUWDLQV WR SXUH FRRUGLQDWLRQ VWDJH JDPHV _ JDPHV LQ ZKLFK SD\RmV RI
DOO SOD\HUV DUH LGHQWLFDO �XS WR DQ DpQH WUDQVIRUPDWLRQ�� 7KH LPSRUWDQFH RI WKLV FODVV RI
JDPHV LV HPSKDVL]HG E\ 0DUVFKDN DQG 5DGQHU ������ ZKR WU\ WR XQGHUVWDQG WKH QDWXUH RI
WHDP SUREOHPV� :H VKRZ WKDW LI SOD\HUV DUH VXpFLHQWO\ SDWLHQW RU� HTXLYDOHQWO\� LI SOD\HUV FDQ
UHYLVH VXpFLHQWO\ TXLFNO\� WKHQ IRU DQ\ q ! � HYHU\ 3HUIHFW HTXLOLEULXP SD\Rm FRPHV ZLWKLQ
q RI WKH 3DUHWR GRPLQDQW SD\Rm� 7KLV UHVXOW VWDUNO\ FRQWUDVWV ZLWK WKH )RON 7KHRUHP� DV LW
HVVHQWLDOO\ UXOHV RXW DOO WKH LQHpFLHQW SD\RmV LQ WKH DERYH H[DPSOH� SDUWLFXODUO\ WKH LQHpFLHQW
VWDWLF 1DVK HTXLOLEULXP �KHQFH WKH WHUP� ?DQWL�)RON 7KHRUHP��� 7KLV UHVXOW VXJJHVWV WKDW
WHDPV ZLOO VROYH WKHLU FRRUGLQDWLRQ SUREOHPV LQ DV\QFKURQRXVO\ UHSHDWHG JDPHV�

$GGLWLRQDOO\� IRU D n[HG GLVFRXQW UDWH FORVH WR ]HUR ZH FDQ nQG D QHLJKERUKRRG LQ SD\Rm
VSDFH RI WKH SXUH FRRUGLQDWLRQ JDPH LQ ZKLFK WKH ?DQWL�)RON 7KHRUHP� KROGV� 8QIRUWXQDWHO\�
WKH XQLTXHQHVV UHVXOW VHHPV WR EH OLPLWHG WR VWDJH JDPHV FORVH �LQ WKH VHQVH MXVW GHVFULEHG�
WR WKH SXUH FRRUGLQDWLRQ JDPH� :H JLYH DQ H[DPSOH LQ ZKLFK WKH PXOWLSOLFLW\ RI 3( SHUVLVWV
IRU SDWLHQW SOD\HUV LI FRVWV RI PLVFRRUGLQDWLRQ DUH KLJKO\ DV\PPHWULF� +RZHYHU� ZH VKRZ WKDW
WKHUH LV D QHLJKERUKRRG RI GLVFRXQW UDWHV WKDW VXSSRUW WKH 3DUHWR GRPLQDQW RXWFRPH DV WKH
XQLTXH 3( SD\Rm LQ D QHLJKERUKRRG RI DV\QFKURQRXVO\ UHSHDWHG JDPHV� $JDLQ� WKLV FRQWUDVW
ZLWK WKH VWDQGDUG PRGHO VLQFH LQHpFLHQW 1DVK HTXLOLEULXP SD\RmV RI WKH VWDJH JDPH DUH QRW
VXVWDLQHG LQ WKHVH QHLJKERUKRRGV RI UHSHDWHG JDPHV DQG GLVFRXQW UDWHV�

)LQDOO\� ZH HVWDEOLVK D ?FRQWLQXLW\ UHVXOW� IRU D RQH SDUDPHWHU IDPLO\ RI UHQHZDO JDPHV�
7KH VWDQGDUG UHSHDWHG PRGHO LV GHWHUPLQHG E\ RQH H[WUHPDO YDOXH RI WKH SDUDPHWHU� ZKLOH DQ
DV\QFKURQRXVO\ UHSHDWHG JDPH LV GHWHUPLQHG E\ WKH RWKHU� $W LVVXH LV ZKHWKHU WKH ?DQWL�)RON
7KHRUHP� UHSUHVHQWV D GLVFRQWLQXLW\ ZKHQ WKH VWDQGDUG PRGHO LV SHUWXUEHG� :H VKRZ WKDW
WKH VHW RI 3( SD\RmV VKULQNV FRQWLQXRXVO\ IURP WKH VHW RI )RON 7KHRUHP SD\RmV WR WKH 3DUHWR
GRPLQDQW VLQJOHWRQ DV WKH SDUDPHWHU YDULHV EHWZHHQ WKH VWDQGDUG DQG WKH DV\QFKURQRXV
PRGHOV� UHVS�

:H HPSKDVL]H WKDW PRGHOV RI DV\QFKURQRXV LQWHUDFWLRQ DUH QRW QHZ� ,Q GLmHULQJ FRQWH[WV�
*DOH ������� 5XELQVWHLQ DQG :ROLQVN\ ������� 0RUULV ������� 3HUU\ DQG 5HQ\ ������� 0DVNLQ
DQG 7LUROH ������� )DUUHOO DQG 6DORQHU ������� DQG RXU SUHYLRXV ZRUN �VRPH ZLWK 5DIDHO
5RE���� DV ZHOO DV RWKHUV KDYH VWXGLHG FRQVHTXHQFHV RI DV\QFKURQRXV FKRLFH� ,Q 6HFWLRQ � ZH
UHODWH WKHVH WR WKH SUHVHQW SDSHU� DQG ZH ORRN DW RWKHU OLWHUDWXUH ZKLFK FRQWUDVWV ZLWK WKH
)RON 7KHRUHP IRU UHSHDWHG JDPHV�

7R EH FOHDU� WKH SUHVHQW DQDO\VLV LV LQWHQGHG WR EH PRUH VXJJHVWLYH WKDQ GHnQLWLYH� 7KH
UHVXOWV SHUWDLQLQJ WR WKH SXUH FRRUGLQDWLRQ JDPHV DUH HVVHQWLDOO\ HTXLYDOHQW WR XQLPSURY�
DELOLW\ UHVXOWV LQ VLQJOH DJHQW G\QDPLF SURJUDPPLQJ SUREOHPV �VHH� H�J�� +RZDUG ��������

�7KHVH LQFOXGH 0DWVXL DQG 5RE ������� /DJXQRm DQG 0DWVXL ������� DQG /DJXQRm �������

�



7KH UHDVRQ LV WKDW� XQOLNH VWDQGDUG UHSHDWHG JDPHV� DV\QFKURQRXVO\ UHSHDWHG JDPHV RI SXUH
FRRUGLQDWLRQ DUH LGHQWLFDO WR VLQJOH SHUVRQ GHFLVLRQ SUREOHPV ZLWK SHUIHFW UHFDOO� ,W LV WKH
IUDPHZRUN RI WKH DQDO\VLV UDWKHU WKDQ PDWKHPDWLFV WKDW GLVWLQJXLVKHV WKH SUHVHQW SDSHU IURP
SUHFHGLQJ SDSHUV RQ VLQJOH SHUVRQ GHFLVLRQ SUREOHPV� :KLOH D FRPSOHWH FKDUDFWHUL]DWLRQ RI
HTXLOLEULXP SD\RmV LQ UHQHZDO JDPHV LV SUHIHUDEOH� RXU SXUSRVH KHUH LV WR JLYH VRPH VXSSRUW
IRU WKH VWXG\ RI D PRUH JHQHUDO FODVV RI UHSHDWHG LQWHUDFWLRQV DQG WR VXJJHVW WKDW VXFK DQ
DQDO\VLV ZLOO \LHOG� DW WLPHV VWULNLQJO\� GLmHUHQW UHVXOWV�

7KH SDSHU SURFHHGV DV IROORZV� 6HFWLRQ � GHVFULEHV WKH PRGHO DQG GHnQHV WKH DV\Q�
FKURQRXVO\ UHSHDWHG JDPH DQG WKH HTXLOLEULXP FRQFHSW� 6HFWLRQ � VWDWHV DQG SURYHV WKH
XQLTXHQHVV UHVXOWV IRU JDPHV RI SXUH FRRUGLQDWLRQ� 6HFWLRQ � GLVFXVVHV JDPHV RI LPSXUH
FRRUGLQDWLRQ� :H VKRZ KRZ WKH UHVXOWV PD\ EH VHQVLWLYH WR DV\PPHWULHV LQ WKH FRVWV RI PLV�
FRRUGLQDWLRQ� :H SURYLGH D JHQHULFLW\ UHVXOW ZKLFK GHVFULEHV WKH VHQVH LQ ZKLFK WKH UHVXOWV
DUH UREXVW WR SHUWXUEDWLRQV LQ WKH SXUH FRRUGLQDWLRQ VWUXFWXUH� :H DOVR VKRZ WKDW WKHUH
DUH GLVFRXQW IDFWRUV XQGHU ZKLFK WKH ?DQWL�)RON 7KHRUHP� KROGV IRU D PRUH JHQHUDO FODVV RI
FRRUGLQDWLRQ JDPHV� 6HFWLRQ � JLYHV WKH FRQWLQXLW\ UHVXOW� DQG 6HFWLRQ � GLVFXVVHV UHODWHG
OLWHUDWXUH�
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/HW *  �,� �6L�L�, � �XL�L�,� GHQRWH D QRUPDO IRUP VWDJH JDPH ZKHUH , LV WKH nQLWH VHW RI
SOD\HUV� 6L �L � ,� LV WKH nQLWH VHW RI DFWLRQV IRU SOD\HU L� DQG XL � 6 s dL�,6L � � LV WKH
SD\Rm IXQFWLRQ IRU SOD\HU L � ,� :LWKRXW ORVV RI JHQHUDOLW\� DVVXPH WKDW 6L ? 6M  � IRU DOO
L� M� :H ZLOO FDOO DQ HOHPHQW RI V  �V�� � � � � VM,M� � 6 D EHKDYLRU SURnOH �RU VLPSO\ ?SURnOH���
*LYHQ VRPH AVL � 6L� OHW VQAVL  �V�� � � � � VLb�� AVL� VL��� � � � � VM,M�� 7KH WXSOH RI SD\Rm IXQFWLRQV LV
GHQRWHG E\ X  �XL�L�, � $ PL[HG VWUDWHJ\ IRU L ZLOO EH GHQRWHG E\ }L DQG KDV WKH VWDQGDUG
SURSHUWLHV� }L � 6L � >�� �@ DQG
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}L�VL�  �� $ PL[HG SURnOH LV JLYHQ E\ }  �}L�L�, �

)LQDOO\� D JDPH * LV D FRRUGLQDWLRQ JDPH LI LWV 1DVK HTXLOLEULD DUH 3DUHWR UDQNHG DQG WKHUH
LV VRPH 1DVK HTXLOLEULXP WKDW VWULFWO\ 3DUHWR GRPLQDWHV HYHU\ RWKHU SURnOH RI WKH JDPH�
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,Q WKLV 6HFWLRQ� ZH LQWURGXFH D IUDPHZRUN WKDW HQFRPSDVVHV D ZLGH YDULHW\ RI UHSHDWHG
VWUDWHJLF HQYLURQPHQWV� &RQVLGHU D FRQWLQXRXV UHSHWLWLRQ RI D VWDJH JDPH *� $IWHU WKH
nUVW GHFLVLRQ QRGH� ZKLFK RFFXUV IRU DOO SOD\HUV DW WLPH ]HUR� DOO SOD\HUV
 GHFLVLRQ SRLQWV DUH

�



GHWHUPLQHG E\ D VHPL�0DUNRY SURFHVV ZLWK nQLWHO\ PDQ\ VWDWHV�� ,Q WKH IROORZLQJ� UHYLVLRQ
QRGHV UHIHU WR WKH GHFLVLRQ QRGHV RWKHU WKDQ WKH nUVW RQH DW WLPH ]HUR�

$ VHPL�0DUNRY SURFHVV LV D VWRFKDVWLF SURFHVV ZKLFK PDNHV WUDQVLWLRQV IURP VWDWH WR
VWDWH LQ DFFRUGDQFH ZLWK D 0DUNRY FKDLQ� EXW LQ ZKLFK WKH DPRXQW RI WLPH VSHQW LQ HDFK
VWDWH EHIRUH D WUDQVLWLRQ RFFXUV LV UDQGRP DQG IROORZV D UHQHZDO SURFHVV� )RU WKH VDNH RI
FRQYHQLHQFH� ZH VHSDUDWH WKH SURFHVV LQWR WZR SDUWV� D UHQHZDO SURFHVV DQG D 0DUNRY FKDLQ�
)RUPDOO\� OHW ;�� ;�� c c c EH DQ LQnQLWH VHTXHQFH RI L�L�G� QRQQHJDWLYH UDQGRP YDULDEOHV ZKLFK
IROORZ D �PDUJLQDO� SUREDELOLW\ PHDVXUH y ZLWK (y�;�� � � DQG y�;� ! q� ! p IRU VRPH
q� p ! �� ,W LV DOVR DVVXPHG WKDW y�;�  ��  � VR WKDW WKH RUGHUOLQHVV FRQGLWLRQ IRU WKH
UHQHZDOV LV JXDUDQWHHG� 7KHQ OHW 7�  � DQG 7N  7Nb��;N  ;�� c c c�;N �N  �� �� c c c��
7N LV WKH WLPH HODSVHG EHIRUH WKH NWK UHYLVLRQ SRLQW� $W HDFK GHFLVLRQ SRLQW D VWDWH � LV
GHWHUPLQHG IURP D nQLWH VHW l DFFRUGLQJ WR D 0DUNRY SURFHVV I<NJ

�

N � � l
� ZKHUH <N  �

�� � l� LPSOLHV WKDW VWDWH � LV UHDFKHG DW WLPH 7N� :H GHQRWH S���  3U�<N��  �� M <N  ��
IRU �� �� � l� /HW lL t l GHQRWH WKH QRQHPSW\ VHW RI VWDWHV LQ ZKLFK SOD\HU L KDV D GHFLVLRQ
QRGH� /HW l� t l EH WKH VHW RI ?LQHUWLDO� VWDWHV LQ ZKLFK QR SOD\HU KDV D GHFLVLRQ QRGH� %\
GHnQLWLRQ� l�  lb �>L�,lL�� :H ZULWH al  �l�� �lL�L�,�� :H DVVXPH WKDW WKH LQLWLDO VWDWH�
GHQRWHG E\ ���� � l� LV QHYHU UHDFKHG DJDLQ� %\ GHnQLWLRQ� ���� � lL IRU DOO L � ,� 1RWH
WKDW lL ? lM?I����J �L� M� PD\ RU PD\ QRW EH HPSW\� 7R VXPPDUL]H� WKH UHQHZDO SURFHVV�
y� GHWHUPLQHV ZKHQ WKH GHFLVLRQ QRGHV �WKH ?MXPSV�� RFFXU� ZKLOH WKH 0DUNRY WUDQVLWLRQ� S�
GHWHUPLQHV ZKR PRYHV DW HDFK QRGH�

8VLQJ WKLV VHPL�0DUNRY SURFHVV� D W\SLFDO SOD\ RI WKH JDPH LV GHVFULEHG DV IROORZV� ,Q
WKH EHJLQQLQJ� D VWUDWHJ\ SURnOH V� LV FKRVHQ� 'HWHUPLQLVWLFDOO\ RU VWRFKDVWLFDOO\� WKH nUVW
UHYLVLRQ WLPH LV UHDFKHG DW WLPH 7�� 6XSSRVH WKDW � LV FKRVHQ E\ WKH 0DUNRY SURFHVV� DQG
OHW ,���  IL � , � � � lLJ GHQRWLQJ WKH SOD\HUV ZKR FDQ PRYH LI QDWXUH FKRRVHV �� ,I SOD\HU
L �L � ,���� WDNHV V�L � WKHQ WKH VWUDWHJ\ SURnOH FKDQJHV WR V�  V�Q�V�L �L�,���� 7KDW LV� HDFK
WLPH WKHUH LV D UHQHZDO DQG UHYLVLRQ� RQO\ WKH FRUUHVSRQGLQJ FRRUGLQDWH�V� RI WKH SUHYLRXV
VWUDWHJ\ SURnOH LV UHSODFHG E\ WKH UHYLVHG RQH� ZKLOH RWKHU FRRUGLQDWHV UHPDLQ XQFKDQJHG� ,I
ZH GHnQH �VN�Nw� WKLV ZD\� L�H�� V

N �N  �� �� c c c� LV WKH VWUDWHJ\ SURnOH EHWZHHQ 7N DQG 7N���
WKHQ WKH oRZ SD\Rm LV UHDOL]HG DQG WKH GLVFRXQWHG SD\Rm IRU SOD\HU L � , ZLOO EH JLYHQ E\

U
�;
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= 7N��
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HbU~XL�V
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)LJXUH � LOOXVWUDWHV WKH SURFHVV IRU D WZR�SHUVRQ JDPH�

#i�?�|�L? � $ UHQHZDO JDPH LV D WXSOH

b  K*� y� al� �S���������l� UL�

�:H FDQ IRUPXODWH WKH SUREOHP LQ VXFK D ZD\ WKDW WKH nUVW DFWLRQ SURnOH LV FKRVHQ E\ QDWXUH DV LQ PRGHOV

RI HYROXWLRQ� ,W ZLOO EH FOHDU WKDW WKH IROORZLQJ GHVFULSWLRQ DQG UHVXOWV ZLOO QRW EH DOWHUHG E\ VSHFLnFDWLRQ RI

FKRLFH DW WLPH ]HUR�

�






WLPH
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)LJXUH �� 7KH SOD\ RI WKH JDPH

ZKHUH U ! � LV D FRPPRQ GLVFRXQW UDWH� DQG IRU DOO � � l DQG DOO L � ,� WKHUH H[LVWV D FKDLQ
RI VWDWHV� ��� ��� ��� � � � � �0 �0 � MlM�� ZLWK �  �� DQG �0 � lL VXFK WKDW S�Pb��P ! �
�P  �� c c c �0� �IURP DQ\ VWDWH� HYHU\ SOD\HU REWDLQV D UHYLVLRQ QRGH��

6LQFH WKH QXPEHU RI VWDWHV LV nQLWH� UHQHZDO JDPHV KDYH WKH SURSHUW\ WKDW IURP DQ\ VWDWH�
HYHU\ SOD\HU REWDLQV UHYLVLRQ QRGHV LQnQLWHO\ PDQ\ WLPHV� DQG WKH H[SHFWHG WLPH LQWHUYDO
EHWZHHQ WZR UHYLVLRQ QRGHV LV nQLWH� 6WDQGDUG GLVFRXQWHG UHSHDWHG JDPHV DUH UHQHZDO JDPHV
ZKLFK PD\ EH GHVFULEHG LQ VHYHUDO ZD\V� 2QH VWUDLJKWIRUZDUG ZD\ LV� l  lL� �L � ,� DQG
y�;�  ��  �� +RZHYHU� ZH ZLVK WR VSHFLDOL]H IXUWKHU WR RQO\ WKRVH UHQHZDO JDPHV LQ ZKLFK
FKRLFH LV DV\QFKURQRXV�

#i�?�|�L? 2 $Q DV\QFKURQRXVO\ UHSHDWHG JDPH LV D UHQHZDO JDPH LQ ZKLFK lL?lMQI����J  
�� �L� M

,Q DV\QFKURQRXVO\ UHSHDWHG JDPHV� QR WZR LQGLYLGXDOV KDYH VLPXOWDQHRXV UHYLVLRQ RSSRUWX�
QLWLHV� :KHQ � � lL� ZH ZLOO ZULWH L���  L� 6RPH H[DPSOHV DUH�

([DPSOH � �DOWHUQDWLQJ PRYH JDPH�� /HW ,  I�� �J� l  ,� ;� s �� DQG SLM  � LI L � M�
7KHQ WKH GHFLVLRQ SRLQWV DUH GHWHUPLQLVWLF� DQG SOD\HUV
 UHYLVLRQ QRGHV DOWHUQDWH�

$Q H[DPSOH RI DQ DOWHUQDWLQJ PRYH JDPH RI SXUH FRRUGLQDWLRQ LV D VLWXDWLRQ LQ ZKLFK
WZR nUPV LQ WKH VDPH SURGXFW JURXS GHVLUH D XQLIRUP DFFRXQWLQJ VWDQGDUG WR VLPSOLI\ WKHLU
FRQVROLGDWLRQ ZRUN� +RZHYHU� WKH\ KDYH GLmHUHQW FORVLQJ GDWHV GXH WR WKH QDWXUH RI WKHLU
EXVLQHVV� ZKLFK PDNHV WKH GHFLVLRQ SRLQWV DOWHUQDWH� $QRWKHU H[DPSOH LV RQH LQ ZKLFK WZR
RpFHV RI D FRPSDQ\ DUH ORFDWHG LQ 1HZ <RUN DQG 7RN\R� UHVSHFWLYHO\� VR WKDW WKHLU EXVLQHVV
KRXUV GR QRW RYHUODS�

([DPSOH � �3RLVVRQ UHYLVLRQ SURFHVV�� /HW l  ,� $QG OHW ;� IROORZ DQ H[SRQHQWLDO GLVWUL�
EXWLRQ ZLWK SDUDPHWHU w ! �� L�H�� y�;� � [�  � b Hbw[� DQG OHW SLM  SM IRU DOO L� M � ,�
7KHQ SOD\HUV
 UHYLVLRQ SRLQWV DUH LQGHSHQGHQW RI HDFK RWKHU� DQG SOD\HU L
V GHFLVLRQ SRLQWV
�L � ,� IROORZ D 3RLVVRQ SURFHVV DOPRVW VXUHO\ ZLWK SDUDPHWHU wSL�

�



$Q H[DPSOH RI WKLV W\SH LV D UHSODFHPHQW SURFHVV� FRPPRQ LQ HYROXWLYH PRGHOV� LQ ZKLFK
D SOD\HU LV GHnQHG DV D OLQHDJH UDWKHU WKDQ D VLQJOH LQGLYLGXDO HQWLW\� $ VRQ LQKHULWV KLV
IDWKHU
V SRVLWLRQ RQO\ DIWHU WKH IDWKHU
V GHDWK� DW ZKLFK WLPH WKH VRQ FDQ WDNH KLV RZQ DFWLRQ
DQG FRPPLW WR LW WKURXJK WKH UHVW RI KLV OLIH�

([DPSOH � �q�DSSUR[LPDWLRQ RI WKH VWDQGDUG UHSHDWHG JDPH�� /HW ,  I�� �J� DQG

l  
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7KHQ DVVXPH WKDW <N
V IROORZ WKH SURFHVV LOOOXVWUDWHG LQ )LJXUH � EHORZ� ,Q WKH nJXUH� WKH
SURFHVV SURFHHGV WKURXJK WKH LQHUWLDO VWDWHV XQWLO �0

� � $W WKDW WLPH WKH SURFHVV PRYHV WR
HLWKHU SOD\HU �
V RU SOD\HU �
V GHFLVLRQ QRGH ZLWK SUREDELOLW\ ��� HDFK� /HW ;� s � �0 ����
7KHQ LI 0 LV VXpFLHQWO\ ODUJH� WKH SURFHVV DSSUR[LPDWHV WKH VWDQGDUG UHSHDWHG JDPH LQ WKH
VHQVH WKDW HDFK SOD\HU KDV D UHYLVLRQ RSSRUWXQLW\ RQFH LQ D XQLW RI WLPH� DQG WKDW WKH WZR
SOD\HUV
 GHFLVLRQ QRGHV DUH YHU\ FORVH LQ WLPLQJ�
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6�}�hi �� $Q q�DSSUR[LPDWLRQ RI WKH VWDQGDUG UHSHDWHG JDPH�
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2�� +iU�ht��i 5|h�U|�hi

2QH DGGLWLRQDO DVVXPSWLRQ WKDW ZH ZLOO PDNH ZLOO EH WR UHVWULFW WKH FODVV RI EHKDYLRU VWUDWH�
JLHV WKDW LQGLYLGXDOV XVH� :H DVVXPH WKDW LQGLYLGXDOV RQO\ FRQGLWLRQ RQ WKH VHTXHQFHV RI
GHFLVLRQ SRLQWV DQG WKH DFWLRQV WDNHQ DW WKHVH SRLQWV UDWKHU WKDQ RQ WKH WLPH LQWHUYDO EH�
WZHHQ WKHP� 7KLV DVVXPSWLRQ GRHV QRW UHVWULFW WKH VWUDWHJ\ VSDFH DW DOO LI WKH UHQHZDO SURFHVV
LV GHWHUPLQLVWLF �WKH 0DUNRY SURFHVV FDQ EH VWRFKDVWLF� DV ZLWK ([DPSOHV � DQG � LQ WKH SUH�
YLRXV VHFWLRQ� DQG LW VLJQLnFDQWO\ UHGXFHV WKH QRWDWLRQDO EXUGHQ� ,W DOVR WXUQV RXW WKDW LW LQ
QR ZD\ DOWHUV PDLQ UHVXOWV RI WKLV SDSHU��

5HVWULFWLQJ FRQGLWLRQLQJ HYHQWV WR WKH ?MXPSV� UDWKHU WKDQ RQ WLPH LQWHUYDOV EHWZHHQ
MXPSV DOORZV D VWUDLJKWIRUZDUG UHFXUVLYH UHSUHVHQWDWLRQ RI LQGLYLGXDOV
 FRQWLQXDWLRQ YDOXHV
LQ WKH DV\QFKURQRXV PRGHO� 7R IRUPXODWH WKLV� OHW V�W�  �V��W�� � � � VM,M�W�� GHQRWH WKH EHKDYLRU
SURnOH DW WLPH W� DQG OHW 1W s LQIIN � 7N ! WJ GHQRWH WKH QXPEHU RI UHQHZDOV XS WR WLPH
W� 'XH WR WKH DVVXPSWLRQ RQ ;N
V� 1W � � KROGV DOPRVW VXUHO\� 7KHQ GHnQH WKH VSDFH RI
KLVWRULHV + VXFK WKDW D KLVWRU\ KW � + LV JLYHQ E\ KW  �\W� VW� ZKHUHYHU 1W LV nQLWH� DQG

\W  I<NJN�1W
�

DQG
VW  IV�7N�JN�1W

�

7KH QXOO KLVWRU\ LV GHQRWHG E\ K�� 6LQFH DW PRVW RQH SOD\HU VZLWFKHV KLV DFWLRQ DW D WLPH DIWHU
WKH LQLWLDO SURnOH ZH ZULWH VW  �V�K��� V<�� c c c � V<1W � ZKHQHYHU FRQYHQLHQW� :H OHW V�K� DQG
��K� GHQRWH WKH FXUUHQW EHKDYLRU DQG VWDWH DW KLVWRU\ K� UHVS�� DQG OHW L�K� GHQRWH WKH ODVW
SOD\HU ZKRVH GHFLVLRQ QRGH ZDV UHDFKHG� :H DOVR GHnQH KWb  �\W� IV�7N�JN�1W

� VR WKDW KWb

LQFOXGHV WKH VDPH LQIRUPDWLRQ DV KLVWRU\ KW H[FHSW IRU WKH EHKDYLRU SURnOH DW WLPH W ZKLFK
PD\ LQFOXGH D QHZ GHFLVLRQ E\ D SOD\HU� :H ZULWH +b IRU WKH VHW RI DOO VXFK FRQGLWLRQLQJ
KLVWRULHV DQG GHQRWH DQ HOHPHQW E\ Kb�

$ VWUDWHJ\ IRU SOD\HU L LV D KLVWRU\ FRQWLQJHQW DFWLRQ JLYHQ E\ WKH IXQFWLRQ IL � +
b �

c�6L�� $OWKRXJK WKLV IRUPXODWLRQ DSSHDUV WR UHTXLUH WKDW L LV XQDEOH WR FRQGLWLRQ RQ WKH
FXUUHQW EHKDYLRU SURnOH� UHFDOO WKDW GHFLVLRQV DUH RQO\ PDGH DW WKH ?MXPSV� LQ WKH UHQHZDO
SURFHVV�

*LYHQ D VWUDWHJ\ SURnOH I � WKH SOD\ RI WKH JDPH SURFHHGV DV IROORZV� $W WLPH ]HUR� DOO
WKH SOD\HUV LQ , VLPXOWDQHRXVO\ WDNH DFWLRQV� IL�K

�b� IRU L � ,� 6XSSRVH 7�  W�  [�
DQG <�  \� � lL� ,I L  �� QRWKLQJ FKDQJHV H[FHSW WKH 0DUNRY ?FORFN�� ,I L � ,� WKHQ
KW�b  �I�K�b�� \��� SOD\HU L
V UHYLVLRQ QRGH LV UHDFKHG DW WLPH W�� DQG KH WDNHV DFWLRQ
IL�K

W�b�� +LVWRU\ DW WLPH W� EHFRPHV K
W�  �\�� I�K

�b�� I�K�b�QIL�K
W�b��� *LYHQ D VWUDWHJ\

SURnOH I DQG K � +W �UHVS� Kb � +Wb�� IaV�I MK��~�J~!W �UHVS� IaV�I MK
b��~�J~wW� GHQRWHV DQ

LQGXFHG �VWRFKDVWLF� SDWK RI DFWLRQ SURnOH DIWHU K �UHVS� Kb��

�7KH LQWHUHVWHG UHDGHU FDQ REWDLQ D QRWH E\ /DJXQRm DQG 0DWVXL ������ ZKLFK SURYHV 7KHRUHPV � DQG �

IRU WKH FDVH RI IXOO�oHGJHG EHKDYLRU VWUDWHJLHV�

�



*LYHQ D KLVWRU\ KW � + DQG D VWUDWHJ\ SURnOH I  �IL�L�, � ZH GHnQH WKH FRQGLWLRQDO
GLVFRXQWHG H[SHFWHG SD\Rm WR SOD\HU L DW WLPH W E\

9L�I MK
W�  U

=
�

W
HbU�~bW�(

K
XL
r
aV�I MKW��~�

sL
G~�

ZKHUH (>c@ LV WKH H[SHFWDWLRQ RSHUDWRU� $ VWUDWHJ\ SURnOH Ie LV FDOOHG D SHUIHFW HTXLOLEULXP
�3(� LI IRU HDFK L � ,� IeL LV D EHVW UHVSRQVH WR �I

e

M �M� L DIWHU HYHU\ KLVWRU\ KW� L�H��

9L�I
eMKW� w 9L�I

eQILMK
W�

IRU DQ\ RI SOD\HU L
V VWUDWHJLHV IL�

2QH LPPHGLDWH UHVXOW LQ WKH DV\QFKURQRXVO\ UHSHDWHG JDPH LV WKDW IRU DOPRVW DOO KLVWRULHV�
PL[HG VWUDWHJLHV ZLOO QRW EH XVHG DW DQ\ UHYLVLRQ RSSRUWXQLW\� +HQFH� WKH PL[HG VWUDWHJ\
PLQLPD[ SD\Rm ZKLFK LV DOZD\V DQ HTXLOLEULXP RI WKH VWDJH FRRUGLQDWLRQ JDPH LV QRW WKH
EHQFKPDUN KHUH QHFHVVDULO\� +HUHDIWHU� ZH ZLOO RIWHQ GHQRWH D SXUH VWUDWHJ\ E\ IL�K

b� DV
ZHOO DV D PL[HG VWUDWHJ\�

*LYHQ D KLVWRU\ K  KW � +� OHW KWp��� VM� GHQRWH WKH FRQFDWHQDWHG KLVWRU\ LQ ZKLFK� DIWHU
KW� WKH QH[W VWDWH � � lM LV UHDFKHG� DW ZKLFK SOD\HU M WDNHV VM� *LYHQ KW � +� KW p � � +b

LV D SDWK VXFK WKDW DIWHU KW� VWDWH � LV UHDFKHG �ZLWKRXW VSHFLI\LQJ WKH UHYLVHG DFWLRQ�� 8VLQJ
WKLV H[SUHVVLRQ� WKH YDOXH DIWHU K p � � +b LV JLYHQ E\

9L�I MK p �� s 9L�I MK p ��� IL����K p �����

7KH DQDO\VLV ZLOO PDNH H[WHQVLYH XVH RI WKH IROORZLQJ UHFXUVLYH IRUPXODWLRQ� 7KH FRQ�
WLQXDWLRQ YDOXH WR L LQGXFHG E\ I DIWHU KLVWRU\ KW � + ZLWK ��KW�  � PD\ EH H[SUHVVHG
DV

9L�I MK
W�  ��b

;
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;
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ZKHUH
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 H[SHFWHG GLVFRXQWHG SUREDELOLW\ WKDW ��

LV WKH nUVW VWDWH UHDFKHG IURP ��

���

2�e , �t|i?Ui

7KH IROORZLQJ LV D VWDQGDUG SURRI IRU WKH H[LVWHQFH RI SHUIHFW HTXLOLEULD� :KDW LV SURYHQ KHUH
LV DFWXDOO\ WKH H[LVWHQFH RI VR FDOOHG 0DUNRY SHUIHFW HTXLOLEULXP�

A�iLhi4 f )RU DQ\ DV\QFKURQRXVO\ UHSHDWHG JDPH b  K*� y� al� S� UL WKHUH H[LVWV DW OHDVW
RQH SHUIHFW HTXLOLEULXP�

�



�hLLu 3DUWLWLRQ +b LQWR `  I+b

�VJV�6���l VXFK WKDW

+b

�V  IKb � +bM��Kb�  �� V�Kb�  VJ� �� � l��V � 6�

2EVHUYH WKDW ` FRQVWLWXWHV WKH ?SD\Rm UHOHYHQW� VHW RI VWDWHV� 6XSSRVH WKDW HDFK SOD\HU WDNHV
D }�`��PHDVXUDEOH EHKDYLRU VWUDWHJ\ ZKHUH }�`� LV WKH }�DOJHEUD JHQHUDWHG E\ `� 7KHQ WKH
SOD\ RI WKH JDPH IROORZV D 0DUNRY SURFHVV� DQG ZH FDQ UHSUHVHQW D VWUDWHJ\ RI SOD\HU L E\
WKH ?0DUNRYLDQ� IXQFWLRQ �L � >c�6L�@

`� 7KH VWUDWHJ\ UHSUHVHQWHG E\ �L LV GHQRWHG E\ I�L�

)RU HDFK L � , OHW %5L  I%5L
�VJ��l�V�6 VDWLVI\

%5L
��K�V���  DUJPD[

I�L

9 �I�QI�LM K� ���

/HWWLQJ %5  �%5L�L�, � HTXDWLRQ ��� GHnQHV DQ XSSHU KHPLFRQWLQXRXV FRUUHVSRQGHQFH %5 �
dL>c�6L�@

` � dL>c�6L�@
` ZKHUH dL>c�6L�@

` LV FRPSDFW DQG FRQYH[� 7KHUHIRUH� E\ .DNXWDQL
V
n[HG SRLQW WKHRUHP� WKHUH H[LVWV � VXFK WKDW � � %5��� KROGV� 6WDQGDUG DUJXPHQWV VKRZ
WKDW WKH FRUUHVSRQGLQJ VWUDWHJ\ I�L LV D EHVW UHVSRQVH WR �I�M�M� L ZLWKLQ WKH FODVV RI DOO
VWUDWHJLHV DIWHU DQ\ KLVWRU\ K �RU� PRUH SUHFLVHO\� DIWHU DQ\ Kb� VLQFH DOO M� �M � L� RQO\ YDU\
WKHLU EHKDYLRU RYHU ?VWDWHV� �V � +b

�V� +HQFH� I� LV D SHUIHFW HTXLOLEULXP� (

� ��hi �LLh_�?@|�L?

$ JDPH * LV D SXUH FRRUGLQDWLRQ JDPH LI XL  XM  X IRU DOO L DQG M�� /HW Ve GHQRWH WKH
SURnOH WKDW JLYHV HDFK SOD\HU KLV KLJKHVW SD\Rm Xe� 7KH nUVW SDUW RI RXU PDLQ UHVXOW VWDWHV
WKDW� LQGHSHQGHQWO\ RI WKH GLVFRXQW UDWH U� WKH XQLTXH FRQWLQXDWLRQ YDOXH DIWHU DQ\ KLVWRU\
LQ ZKLFK WKH FXUUHQW SURnOH LV Ve PXVW JLYH WKH RSWLPDO SD\Rm XeL  XL�V

e� IRU DOO L � ,�

A�iLhi4 � *LYHQ DQ\ DV\QFKURQRXVO\ UHSHDWHG JDPH b  K*� y� al� �S����� UL LQ ZKLFK * LV
D SXUH FRRUGLQDWLRQ JDPH� IRU DQ\ SHUIHFW HTXLOLEULXP I RI b� IRU DQ\ KLVWRU\ K � + ZLWK
V�K�  Ve� DQG IRU DOO L � ,� 9L�I MK�  XeL KROGV�

ThLLu Lu A�iLhi4 � 2EVHUYH nUVW WKDW GXH WR WKH LGHQWLFDO SD\RmV� ZH FDQ GURS WKH VXE�
VFULSW L RQ XL DQG FRQWLQXDWLRQ YDOXHV 9L� )L[ D SHUIHFW HTXLOLEULXP I � 5HFDOO WKDW V�K� LV
WKH FXUUHQW DFWLRQ SURnOH JLYHQ KLVWRU\ K � +W� 'HnQH 9  LQI

IK� V�K� VeJ
9 �I MK�� 7KLV LV WKH

LQnPXP YDOXH RI WKH JDPH ZKHQ WKH FXUUHQW EHKDYLRU SURnOH LV Ve� 6LQFH WKH SD\Rm VSDFH
LV ERXQGHG IURP EHORZ� WKLV LQnPXP H[LVWV� )L[ q ! �� 7KHQ WKHUH H[LVWV K  Kq � +W IRU
VRPH W ! � VXFK WKDW V�K�  Ve DQG

9 ! 9 �I MK�b q� ���

�7KLV FDQ EH ZHDNHQHG VR WKDW ZH UHTXLUH RQO\ WKDW XL  mXM � n IRU m ! � DQG n � ��

��



5HFDOO IURP ��� WKH FRQWLQXDWLRQ YDOXH DIWHU K ZKLFK LV JLYHQ E\

9 �I MK�  ��b
;
��l

t��K���X
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��l

t��K��9 �I M K p ��� ���

,I � � l�� WKHQ V�K p ���  Ve� DQG WKHUHIRUH� 9 �I MK p �� w 9 � 2EVHUYH DOVR WKDW VLQFH I LV
D SHUIHFW HTXLOLEULXP VWUDWHJ\ SURnOH� LW PXVW EH WKH FDVH WKDW IRU DOO L � , DQG DOO � � lL�

9 �I M K p �� w 9 �I M K p ��� VeL � � w 9

ZKHUH WKH VHFRQG LQHTXDOLW\ KROGV GXH WR WKH GHnQLWLRQ RI 9 � 6XEVWLWXWLQJ WKHVH LQHTXDOLWLHV
LQWR ��� DQG XVLQJ ���� ZH REWDLQ
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;
���l

t��K����X
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t��K���9 b q ���
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6LQFH q LV DUELWUDU\ DQG LQGHSHQGHQW RI U� 9 w Xe KROGV� (

7KH VHFRQG SDUW RI WKH PDLQ UHVXOW LV WKDW DQ\ FRQWLQXDWLRQ YDOXH LQ D SHUIHFW HTXLOLEULXP
LV DUELWUDULO\ FORVH WR WKH 3DUHWR HpFLHQW YDOXH IRU VXpFLHQWO\ SDWLHQW SOD\HUV�

A�iLhi4 2 *LYHQ DQ\ DV\QFKURQRXVO\ UHSHDWHG JDPH b  K*� y� al� �S����� UL LQ ZKLFK * LV
D SXUH FRRUGLQDWLRQ JDPH� DQG JLYHQ DQ\ q ! �� WKHUH H[LVWV xU ! � VXFK WKDW LI U � ��� xU�� WKHQ
IRU DOO SHUIHFW HTXLOLEULXP I RI b� IRU DOO KLVWRULHV K � +� DQG IRU DOO L � ,� 9L�I M K� ! XeL b q
KROGV�

ThLLu Lu A�iLhi4 2 7KH SURRI ZLOO XVH D EDFNZDUG LQGXFWLRQ DUJXPHQW WR HVWDEOLVK WKDW
DIWHU DQ\ KLVWRU\ WKH HTXLOLEULXP FRQWLQXDWLRQ PXVW EH ZLWKLQ q RI WKH PD[LPDO SD\Rm Xe�
$V LQ WKH nUVW WKHRUHP� ZH GURS WKH VXEVFULSW L� )L[ q ! �� )RU HDFK N  �� �� c c c � M,M� GHnQH

6N  IV � 6 � MIL � ,MVL � VeL JM  NJ�

6N LV WKH VHW RI EHKDYLRU SURnOHV RI WKH VWDJH JDPH WKDW UHTXLUH N LQGLYLGXDOV WR FKDQJH WKHLU
DFWLRQV WR JHW WR SURnOH Ve� %\ WKLV GHnQLWLRQ� 6�  IVeJ�

)L[ D SHUIHFW HTXLOLEULXP I � )RU HDFK V � 6 DQG HDFK � � l� ZH OHW 9 V
�  LQIV�K� V���K� � 9 �I MK��

DQG 9 V  LQIV�K� V 9 �I MK�� 1RWH WKDW 9
V  PLQ��l 9

V
��

7KH SURRI ZLOO SURFHHG DV IROORZV� UHFDOO IURP 7KHRUHP � WKDW DIWHU D KLVWRU\ K ZLWK
V�K� � 6�� L�H�� V�K�  Ve� WKH FRQWLQXDWLRQ YDOXH 9 �I MK� LV Xe IRU DQ\ SHUIHFW HTXLOLEULXP I �

��



*LYHQ q� WKH nUVW VWHS LV WR nQG D ERXQG xU VXFK WKDW LI U � xU WKHQ IRU DOO N  �� �� c c c � M,M�
WKHUH LV VRPH SURnOH V� � 6Nb� VXFK WKDW DIWHU DQ\ K ZLWK V�K� � 6N� WKH FRQWLQXDWLRQ YDOXH
VDWLVnHV

9 �I MK� ! 9 V� b
q

M,M
� ���

IRU DQ\ SHUIHFW HTXLOLEULXP I � 7KLV WXUQV RXW WR EH WKH FUXFLDO VWHS� 7KH FKRLFH RI xU PXVW
EH GHWHUPLQHG LQGHSHQGHQWO\ RI I � 7KH QH[W VWHS LV WR YHULI\ IURP EDFNZDUG LQGXFWLRQ RQ
6N WKDW ��� KROGV IRU DOO VXFK V� � 6Nb�� )LQDOO\� ZH YHULI\ WKDW � � U � xU LPSOLHV WKDW IRU DOO
KLVWRU\ K � +� 9 �I MK� ! Xe b q� 7KXV� WKH SURRI ZLOO EH FRPSOHWHG�

)LUVW� ZH GHWHUPLQH WKH YDOXH RI xU LQGHSHQGHQWO\ RI I � 5HFDOOLQJ WKDW WKH GHnQLWLRQ RI
t��� LV D IXQFWLRQ RI U� GHnQH WKH ERXQG xU VR DV WR VDWLVI\
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6XFK DQ xU FDQ EH IRXQG VLQFH ERWK t���� c c c t�1b��1 DQG t�c� FRQYHUJH WR S���� c c c S�1b��1 ! �
DV U JRHV WR ]HUR� $OVR� OHW t  PLQIt���� c c c � �1� � t���� c c c t�1b��1 ! �J� 7KLV FKRLFH RI xU
ZLOO EH FODULnHG LQ ZKDW IROORZV�

1RZ� n[ N  �� �� c c c � M,M DQG n[ D SURnOH AV � 6N� %\ WKH GHnQLWLRQ RI 9 AV� �� � l�� WKHUH
H[LVWV K� � + VXFK WKDW V�K��  AV� ��K��  �� DQG

9 AV
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:H KDYH
9 �I MK��  ��b

;
���l

t����X�AV� �
;
���l

t���9 �I M K� p �
��� ����

6LQFH I LV D SHUIHFW HTXLOLEULXP� IRU HDFK �� � lM ZLWK M � ,�
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�� AVM�� w 9 AV�� � ����

ZKHUH WKH VHFRQG LQHTXDOLW\ KROGV E\ WKH GHnQLWLRQ RI 9 AV�� 6LPLODUO\� LI AVM � VeM � WKHQ
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$OVR� E\ WKH GHnQLWLRQ RI 9 AV�� IRU � � l�� ZH KDYH
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6XEVWLWXWLQJ ���� DQG ���� LQWR ����� ZH REWDLQ
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KROGV ZKHUH� E\ FRQVWUXFWLRQ� VQVeL � 6Nb��

6LQFH 6� LV WKH VLQJOHWRQ VHW� IVeJ� ZH KDYH 9 V ! Xe b q
M,M
IRU DOO V � 6�� ,W IROORZV WKDW

9 V ! 9 VQVe
L b q

M,M
KROGV IRU DOO V � 6�� DQG KHQFH LW KROGV IRU DOO V � 6N� 7KHUHIRUH� E\ UHFXUVLYH

VXEVWLWXWLRQ�
9 AV ! Xe b q� �AV

(

� +i4@h! L? |�i wL}�U Lu |�i +it�*|� %HIRUH SURFHHGLQJ WR WKH QH[W VHFWLRQ� ZH
HPSKDVL]H WKDW VLQFH 7KHRUHPV � DQG � KROGV IRU DQ\ DV\QFKURQRXVO\ UHSHDWHG JDPH RI SXUH
FRRUGLQDWLRQ� ZKDW PDWWHUV IRU VXFK JDPHV LV WKH IDFW WKDW FKRLFH LV DV\QFKURQRXV UDWKHU
WKDQ WKH VSHFLnF IRUP RI DV\QFKURQRXV FKRLFH� *LYHQ WKH SXUH FRRUGLQDWLRQ VWUXFWXUH� WKH
ORJLF XWLOL]HV VWDQGDUG DUJXPHQWV IURP G\QDPLF SURJUDPPLQJ� )LJXUH � EHORZ LV D ?IDOVH
FRXQWHUH[DPSOH� WR 7KHRUHP �� )RU H[SRVLWLRQ� VXSSRVH WKDW b GHQRWHV DQ DOWHUQDWLQJ
PRYH� DV\QFKURQRXVO\ UHSHDWHG YHUVLRQ RI WKH SXUH FRRUGLQDWLRQ JDPH *��
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6�}�hi e� ?IDOVH� HTXLOLEULXP SDWKV LQ DQ DOWHUQDWLQJ PRYH JDPH�

,Q )LJXUH � WKH nUVW OD\HU GHVFULEHV WKH FDQGLGDWH ?HTXLOLEULXP� SDWK� 6XEVHTXHQW OD\HUV
DUH ?HTXLOLEULXP FRQWLQXDWLRQV� DIWHU GHYLDWLRQV� ,Q ?HTXLOLEULXP� WKH SOD\HUV UHPDLQ LQ Ve

IRU D n[HG WLPH EHIRUH SOD\HU � FKRRVHV xV�� WKXV VLJQDOOLQJ D VZLWFK WR WKH LQIHULRU HTXLOLEULXP
xV ZKLFK ODVWV IRU /� SHULRGV� ,QLWLDOO\ SOD\HU �� ZKR LV SUHVFULEHG WR EH WKH nUVW WR VZLWFK WR
xVL� PD\ FKRRVH WR GHYLDWH DQG UHPDLQ LQ Ve� 7KH VHFRQG OD\HU LV D ?SXQLVKPHQW SDWK� ZKLFK
SUHVFULEHV D ORQJHU WLPH OHQJWK RI /� SHULRGV VSHQW LQ xV� (DFK VXFFHVVLYH OD\HU OHQJWKHQV
WKH WLPH LQ xV� 7KH LQnPXP 9 GHnQHG LQ WKH SURRI LV DSSUR[LPDWHG E\ WKH DYHUDJH RI WKH
SD\RmV LQ WKH NWK OD\HU IRU N ODUJH� :H DUJXH WKDW WKHUH LV VRPH N ODUJH HQRXJK VXFK WKDW
D GHYLDWLRQ _ UHPDLQLQJ LQ Ve _ LV SURnWDEOH� 7KH UHDVRQ LV VLPSOH� 7KH DYHUDJH SD\Rm
LQ OD\HU N FRQYHUJHV WR � DV /N � � DV N � �� 7KHUHIRUH� WKH SXQLVKPHQW IRU UHPDLQLQJ
LQ Ve LQ OD\HU N LV WKH DGGLWLRQDO /N�� b /N SHULRGV ZKLFK ORZHUV WKH DYHUDJH SD\Rm E\
�Q�/N�� b /N�� �Q � /N����Q � /N� ZKHUH Q LV WKH QXPEHU RI SHULRGV VSHQW LQ Ve� &OHDUO\
WKLV FRVW DSSURDFKHV ]HUR LQ N� %\ FRQWUDVW WKH EHQHnW WR GHYLDWLQJ LV �U(�;��� ZKLFK LV
LQGHSHQGHQW RI N� 2QFH LW LV HVWDEOLVKHG WKDW D SOD\HU ZLOO GHYLDWH LQ WKH NWK OD\HU IRU N ODUJH
HQRXJK� EDFNZDUG LQGXFWLRQ WKHQ GHVWUR\V WKH HTXLOLEULXP�

e Bi?ih@* �LLh_�?@|�L? B@4it

2

Ve� xV�

� Ve� Xe� Xe n� m

xV� m� n �� �

*�G Xe w �� m� n � �

)LJXUH �

e�� , @4T*i

8QIRUWXQDWHO\� LW WXUQV RXW WKDW XQLTXHQHVV LV QRW JHQHUDOO\ DWWDLQDEOH LQ FRRUGLQDWLRQ JDPHV�
&RQVLGHU DQ DOWHUQDWLQJ PRYH JDPH �JLYHQ E\ ([DPSOH � LQ WKH SUHYLRXV VHFWLRQ� ZLWK LWV
VWDJH JDPH JLYHQ E\ *� DERYH� *� LV DQ LPSHUIHFW FRRUGLQDWLRQ JDPH VLQFH WKH FRVWV RI
PLVFRRUGLQDWLRQ DUH QRW LGHQWLFDO� 8VLQJ WKH IXOO�GLPHQVLRQDOLW\ RI WKLV JDPH� ZH FRQVWUXFW
D SHUIHFW HTXLOLEULXP RI ZKLFK SD\Rm LV ERXQGHG DZD\ IURP WKH 3DUHWR HpFLHQW SD\Rm SDLU�
�Xe� Xe�� :H FRQVWUXFW VXFK DQ HTXLOLEULXP LQ WKH IROORZLQJ ZD\� )LUVW� ZH FRQVLGHU WZR
SKDVHV� 3KDVH , DQG 3KDVH ,,� 3KDVH , LV GLYLGHG LQWR IRXU VXESKDVHV JLYHQ E\ WKH IROORZLQJ�
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N WLPHV] `_ ^
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C WLPHV] `_ ^
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e
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��� xV�

P WLPHV] `_ ^
�Ve�� xV��� c c c � �Ve�� xV���

3KDVH ,�$ 3KDVH ,�% 3KDVH ,�& 3KDVH ,�'

7KLV LV WKH SUHVFULEHG SDWK LQ 3KDVH ,� $IWHU WKH ODVW VWDJH RI 3KDVH ,�'� WKH V\VWHP UHWXUQV
WR WKH nUVW VWDJH RI 3KDVH ,�$� ,Q WKLV FRQVWUXFWLRQ� N� C� DQG P VDWLVI\ WKH IROORZLQJ�

XeN � mC� � � nP

N � C� ��P
!

XeN � nC� � � mP

N � C� � �P
! �� ����

DQG
Xe � nC� �

C� �
� �� ����

6XFK N� C� DQG P H[LVW� ,QGHHG� ZH FKRRVH C ODUJH HQRXJK WR VDWLVI\ ����� 7KHQ FKRRVH P
VR WKDW mC � nP LV JUHDWHU WKDQ nC � mP� L�H�� C ! P LI m ! n� DQG YLFH YHUVD� 7KLV ZLOO
JXDUDQWHH WKH nUVW LQHTXDOLW\ RI ����� 1RWH WKDW ZH FDQQRW nQG VXFK D P LI WKH JDPH LV SXUH
FRRUGLQDWLRQ� L�H�� m  n� )LQDOO\� WDNH D VXpFLHQWO\ ODUJH N WR VDWLVI\ WKH VHFRQG LQHTXDOLW\
RI �����

3KDVH ,, LV WKH VDPH DV 3KDVH , H[FHSW WKDW �xV�� V
e

�� �UHVS� �V
e

�� xV��� LV UHSODFHG E\ �V
e

�� xV��
�UHVS� �xV�� V

e

���� 7KDW LV� 3KDVH ,, LV D PLUURU LPDJH RI 3KDVH , ZLWK UHVSHFW WR WKH SOD\HUV�
7KH SOD\ RI WKH JDPH EHJLQV ZLWK WKH nUVW VWDJH RI 3KDVH ,�$ DQG VWD\V LQ 3KDVH ,� IROORZLQJ
WKH DERYH DUURZV� XQOHVV WKHUH LV D GHYLDWLRQ� ,I SOD\HU � GHYLDWHV� WKHQ WKH V\VWHP PRYHV WR
DQ DSSURSULDWH VXESKDVH RI 3KDVH ,,� )RU H[DPSOH� LI SOD\HU � GHYLDWHV LQ 3KDVH ,�% WR WDNH
Ve�� WKHQ WKH V\VWHP JRHV WR VRPH VWDWH FRUUHVSRQGLQJ WR SOD\HU �
V PRYH LQ 3KDVH ,,�$�

,I SOD\HU � GHYLDWHV� WKHQ ZH KDYH WKH IROORZLQJ WUDQVLWLRQV�

�� ,I SOD\HU � GHYLDWHV LQ 3KDVH ,�$� WKHQ SOD\HU �
V SUHVFULEHG DFWLRQ LQ WKH QH[W PRYH LV
WR UHWXUQ WR Ve�� DQG SOD\HU � ZLOO NHHS Ve� XQWLO SOD\HU � WDNHV V

e

�� $IWHU SOD\HU � UHWXUQV�
WKH V\VWHP JRHV WR WKH ODVW VWDJH RI 3KDVH ,�$�

�� ,I SOD\HU � GHYLDWHV WR WDNH xV� HDUOLHU WKDQ SUHVFULEHG LQ 3KDVH ,�%� WKHQ SOD\HU � ZLOO
NHHS xV� XQWLO SOD\HU � WDNHV V

e

�� DQG WKHQ WKH V\VWHP PRYHV WR WKH nUVW VWDJH RI 3KDVH
,�%� ,I SOD\HU � GHYLDWHV WR NHHS WDNLQJ Ve� LQ WKH ODVW VWDJH RI 3KDVH ,�%� WKHQ WKH V\VWHP
PRYHV WR WKH VHFRQG ODVW VWDJH RI 3KDVH ,�%�

�� ,I SOD\HU � GHYLDWHV WR WDNH Ve� LQ 3KDVH ,�'� WKHQ WKH V\VWHP PRYHV WR WKH ODVW VWDJH RI
3KDVH ,�$� ,I SOD\HU � GHYLDWHV WR NHHS WDNLQJ xV� LQ WKH ODVW VWDJH RI 3KDVH ,�'� WKHQ
WKH V\VWHP PRYHV WR WKH VHFRQG ODVW VWDJH RI 3KDVH ,�'�

��



1RWH WKDW SOD\HU � ZLOO KDYH QR UHYLVLRQ SRLQW LQ 3KDVH ,�&� 3UHVFULEHG DFWLRQV DQG WKH
WUDQVLWLRQ LQ 3KDVH ,, DUH WKH VDPH DV WKRVH LQ 3KDVH , H[FHSW WKDW WKH UROHV RI WKH SOD\HUV
DUH UHYHUVHG�

1RZ� ZH DUH LQ D SRVLWLRQ WR FKHFN WKDW LQFHQWLYH FRQVWUDLQWV DUH VDWLVnHG IRU D VXpFLHQWO\
VPDOO GLVFRXQW UDWH U ! �� ,I SOD\HU � GHYLDWHV LQ 3KDVH ,� KLV H[SHFWHG SD\Rm FRQYHUJHV WR

XeN � nC� � � mP

N � C� ��P
����

DV U JRHV WR ]HUR� 2Q WKH RWKHU KDQG� KLV H[SHFWHG SD\Rm LQ 3KDVH , FRQYHUJHV WR

XeN � mC� �� nP

N � C� � �P
�

ZKLFK H[FHHGV ����� 7KXV� IRU D VXpFLHQWO\ VPDOO U ! �� SOD\HU � KDV QR LQFHQWLYH WR
GHYLDWH� 7R FKHFN SOD\HU
V LQFHQWLYH WR GHYLDWH� ZH H[DPLQH WKUHH FDVHV LQGLFDWHG LQ WKH
DERYH FRQVWUXFWLRQ�

�� 3KDVH ,�$� ,I SOD\HU � GHYLDWHV� VKH ZLOO JHW m IRU D ZKLOH LQVWHDG RI Xe� 7KHUHIRUH� VKH
KDV QR LQFHQWLYH WR GHYLDWH WKHUH� (YHQ LI VKH NHHSV xV�� VKH ZLOO JHW RQO\ m � ��

�� 3KDVH ,�%� ,I SOD\HU � GHYLDWHV WR WDNH xV� HDUOLHU WKDQ SUHVFULEHG� VKH ZLOO JHW � DQG
WKHQ VRPH H[WUD n EHIRUH WKH V\VWHP UHDFKHV WKH VWDJH ZKHUH VKH GHYLDWHG� 6LQFH WKH
H[SHFWHG SD\Rm DORQJ WKH HTXLOLEULXP SDWK H[FHHGV RQH� DQG n � �� SOD\HU � KDV QR
LQFHQWLYH WR GHYLDWH� ,Q WKH ODVW VWDJH RI 3KDVH ,�%� LI VKH GHYLDWHV� VKH ZLOO JHW n � �
IRU WZR PRUH SHULRGV� ZKLFK GRHV QRW LQFUHDVH KHU SD\Rm�

�� 3KDVH ,�'� ,I SOD\HU � GHYLDWHV WR WDNH Ve� HDUOLHU WKDQ SUHVFULEHG� WKHQ VKH JHWV X
e IRU

RQH SHULRG� n IRU C SHULRGV� � IRU RQH SHULRG� DQG VRPH m
V EHIRUH WKH V\VWHP UHDFKHV WKH
RULJLQDO VWDJH ZKHUH SOD\HU � GHYLDWHV� )URP ����� WKH H[SHFWHG DYHUDJH SD\Rm EHIRUH
WKH V\VWHP UHDFKHV WKH VDPH VWDJH LV OHVV WKDQ RQH� 7KXV� SOD\HU � KDV QR LQFHQWLYH WR
GHYLDWH� )LQDOO\� LQ WKH WKH ODVW VWDJH RI 3KDVH ,�'� LI VKH GHYLDWHV� VKH ZLOO JHW m � �
IRU WZR PRUH SHULRGV� ZKLFK GRHV QRW LQFUHDVH KHU SD\Rm�

+HQFH� WKH VWUDWHJ\ SURnOH FRQVWUXFWHG DERYH LV D SHUIHFW HTXLOLEULXP�

,W VKRXOG EH QRWHG WKDW LQ D VWDQGDUG UHSHDWHG JDPH� ZH GR QRW QHHG WKLV W\SH RI FRP�
SOLFDWHG FRQVWUXFWLRQ VLQFH WKH VWUDWHJ\ SURnOH WKDW SUHVFULEHV xVL IRU SOD\HU L  �� � DIWHU DQ\
KLVWRU\ LV D VXEJDPH SHUIHFW HTXLOLEULXP� 2Q WKH RWKHU KDQG� LW LV VKRZQ WKDW LQ DQ DV\Q�
FKURQRXVO\ UHSHDWHG JDPH� VXFK D VLPSOH VWUDWHJ\ GRHV QRW FRQVWLWXWH D VXEJDPH SHUIHFW
HTXLOLEULXP XQOHVV m LV VXpFLHQWO\ ODUJHU WKDQ n�

��



e�2 Bi?ih�U �@)Lgt @?_ �T|�4@*�|)

,V WKH RSWLPDOLW\ UHVXOW QRQJHQHULF LQ SD\Rm VSDFH" ,W VHHPV VR LI� IRU HDFK JDPH� ZH ORRN
DW WKH VHW RI HTXLOLEULD DV WKH GLVFRXQW UDWH DSSURDFKHV ]HUR� ,I� RQ WKH RWKHU KDQG� ZH n[
WKH GLVFRXQW VXpFLHQWO\ VPDOO� WKHQ IRU HDFK SXUH FRRUGLQDWLRQ JDPH� ZH DOZD\V nQG DQ
RSHQ QHLJKERUKRRG LQ SD\Rm VSDFH VXFK WKDW LQ HYHU\ JDPH LQ WKH QHLJKERUKRRG� WKH 3DUHWR
HpFLHQW RXWFRPH LV WKH XQLTXH 3( RXWFRPH� 7KH IROORZLQJ WKHRUHP HVWDEOLVKHV LW�

A�iLhi4 � *LYHQ q ! � DQG DQ\ DV\QFKURQRXVO\ UHSHDWHG JDPH K*� y� �S����� UL LQ ZKLFK
*  �,� 6� X� LV D SXUH FRRUGLQDWLRQ JDPH ZLWK Xe DV WKH XQLTXH 3DUHWR HpFLHQW RXWFRPH�
WKHUH H[LVWV xU ! � VXFK WKDW IRU DQ\ U � ��� xU�� WKHUH H[LVWV DQ RSHQ VXEVHW 8 | �dL�,6L

ZLWK X � 8 VXFK WKDW LQ DQ DV\QFKURQRXVO\ UHSHDWHG JDPH K�,� 6� X��� y� �S����� UL ZLWK X� � 8 �
HYHU\ FRQWLQXDWLRQ YDOXH LQ DQ\ SHUIHFW HTXLOLEULXP LV DW OHDVW Xe b q�

7KHRUHP � DQG WKH H[DPSOH WKDW XVHV VWDJH JDPH *� VKRZ WKDW RUGHU RI OLPLWV PDWWHUV�
7KH H[DPSOH ZLWK *� n[HV WKH VWDJH JDPH DQG WKHQ YDULHV U� %\ FRQWUDVW� WKH K\SRWKHVLV
RI 7KHRUHP � n[HV U DQG WKHQ YDULHV *� 7KH IRUPHU ZLOO VXUHO\ EH PRUH IDPLOLDU WR WKRVH
IDPLOLDU ZLWK WKH )RON 7KHRUHP� 7KH ODWWHU PD\ EH PRUH XVHIXO LI LW LV WKH GLVFRXQW UDWH U�
UDWKHU WKDQ WKH VWDJH SD\RmV� ZKLFK LV SLQQHG GRZQ E\ H[RJHQRXV GDWD�

ThLLu Lu A�iLhi4 � 7DNH DV JLYHQ DQ DV\QFKURQRXVO\ UHSHDWHG JDPH K*� y� �S����� UL LQ
ZKLFK *  �,� 6� X� LV D SXUH FRRUGLQDWLRQ JDPH� DQG Ve � 6 LV WKH XQLTXH 3DUHWR HpFLHQW
RXWFRPH� $OVR WDNH q ! � DV JLYHQ� $Q\ DpQH WUDQVIRUPDWLRQ RI X ZLOO JLYH WKH VDPH UHVXOW
LQ WKH IROORZLQJ DQDO\VLV� $QDORJRXVO\ WR WKH SURRI RI 7KHRUHP � ZH VHW xU VR DV WR VDWLVI\

PLQ
�������ccc��1 ��l

1��

��1�MlMb�

�
t���� c c c t�1b��1

t���� c c c � �1�
� t���� c c c t�1b��1 ! �

�
! �b

q

�M,M

�

Xe bPLQV X�V�
�

ZKHUH� MXVW DV LQ ����

t���� c c c � �1�  �b
;

��� ��

t���� b t����
;

��� ��

t���� b c c c b t���� c c c t�1b��1b�

;
��� �1

t�1b����

6XFK DQ xU FDQ EH IRXQG VLQFH ERWK t���� c c c t�1b��1 DQG t FRQYHUJH WR S���� c c c S�1b��1 ! �
DV xU JRHV WR ]HUR� )L[ U � ��� xU�� $JDLQ OHW t  PLQ t���� c c c � �1��

&RQVLGHU D QHLJKERUKRRG RI X JLYHQ E\ 8  IX� � �6M �V � 6� MX�L�V� b XL�V�M � s �J
ZKHUH s VDWLVnHV

� � s �
�

�
PLQ

�
Xe b Xee�

q

�M,MMlM
�

q

��M,M� ��
>�b

=
�

�
HbU~Gy�~�@

�
�

��



ZKHUH Xee  PD[V� Ve X�V�� L�H�� WKH VHFRQG KLJKHVW SD\Rm� ,Q WKH IROORZLQJ� ZH FRQVLGHU DQ

DV\QFKURQRXVO\ UHSHDWHG JDPH b�  K�,� 6� X��� y� al� �S����� UL ZLWK X� � 8 �

1RZ� n[ D SHUIHFW HTXLOLEULXP I RI b�� )RU HDFK L � ,� HDFK V � 6� DQG HDFK � � l� ZH
OHW 9 V

L�  LQIV�K� V���K� � 9L�I MK�� DQG 9 V
L  LQIV�K� V 9L�I MK�� 1RWH WKDW 9

V
L  PLQ��l 9

V
L��

:H nUVW VKRZ WKH FRXQWHUSDUW RI 7KHRUHP �� )RU DQ\ p ! � WKHUH H[LVWV K � + VXFK WKDW
V�K�  Ve DQG

9 Ve

L ! 9L�I MK�b p� �L � ,� ����

7KH FRQWLQXDWLRQ YDOXH IRU SOD\HU L � , DIWHU K LV JLYHQ E\

9L�I MK�  ��b
;
��l

t��K���X
�

L�V
e� �

;
��l

t��K��9L�I M K p ��� ����

,I ��K� � l�� WKHQ V�K p ��  Ve DQG WKHUHIRUH� 9L�I MK p �� w 9 Ve

L � 2EVHUYH DOVR WKDW VLQFH I
LV D SHUIHFW HTXLOLEULXP VWUDWHJ\ SURnOH� LW PXVW EH WKH FDVH WKDW IRU DOO � � lM �M � ,��

9M�I M K p �� w 9M�I M K p �V
e

M � ��� w 9 Ve

M ����

ZKHUH WKH VHFRQG LQHTXDOLW\ KROGV GXH WR WKH GHnQLWLRQ RI 9 Ve

M � 6LQFH MX�V� b XL�V�M � s ��
M9M�I MK� b 9L�I MK�M � s � KROGV IRU DOO L� M � ,� DOO I DQG DOO K � +� DQG WKHUHIRUH� ����
LPSOLHV

9L�I M K p �� w 9 Ve

L b s� ����

6XEVWLWXWLQJ ���� LQWR ���� DQG XVLQJ ����� ZH REWDLQ

9 Ve

L ! ��b
;
���l

t��K����X
�

L�V
e� �

;
���l

t��K���9
Ve

L b p b s ����

,QHTXDOLW\ ���� LPSOLHV

9 Ve

L ! X�L�V
e�b

p � s

�b
5
�

� HbU~Gy�~�
�

6LQFH p LV DUELWUDU\ DQG LQGHSHQGHQW RI RWKHU YDULDEOHV� WKH GHnQLWLRQ RI s LPSOLHV 9 Ve

L !
Xe b q �M,M� ���

7KLV VHFRQG SDUW PLUURUV WKH SURRI RI 7KHRUHP �� :H ZLOO VKRZ WKDW IRU DOO N  
�� �� c c c � M,M� DIWHU K ZLWK V�K� � 6N� LWV FRQWLQXDWLRQ YDOXH VDWLVnHV

9L�I MK� ! 9 V�

L b
q

M,M� �
� ����

IRU VRPH V� � 6Nb� LI U � xU� %DFNZDUG LQGXFWLRQ LPSOLHV WKDW ���� KROGV IRU DOO V� � 6Nb� LI
U � xU� 2QFH ZH VKRZ ���� IRU DOO V� DQG N
V� ZH YHULI\ WKDW � � U � xU LPSOLHV WKDW IRU DOO
KLVWRU\ K � +� 9L�I MK� ! X�L�V

e�b q� 0RUHRYHU� UHFDOO WKDW WKH FKRLFH RI xU LV LQGHSHQGHQW RI
I � 7KXV� WKH SURRI ZLOO EH FRPSOHWHG�

��



)L[ N  �� �� c c c � M,M DQG AV � 6N� %\ WKH GHnQLWLRQ RI 9 AVL� �� � l�� WKHUH H[LVWV K� � +
VXFK WKDW V�K��  AV� ��K��  �� DQG

9 AVL� ! 9L�I MK��b
qt

��M,M� ��MlM
� ����

:H KDYH
9L�I MK��  ��b

;
���l

t����X
�

L�AV� �
;
���l

t���9L�I M K� p �
��� ����

6LQFH I LV D SHUIHFW HTXLOLEULXP� IRU HDFK �� � lM ZLWK M � ,�

9M�I M K� p �
�� w 9M�I M K� p �AVM��� w 9 AVM�� � ����

ZKHUH WKH VHFRQG LQHTXDOLW\ KROGV E\ WKH GHnQLWLRQ RI 9 AVM�� 6LPLODUO\� LI AVM � VeM � WKHQ

9M�I M K� p �
�� w 9M�I M K� p �V

e

M ���� w 9
AV?Ve

M

M�� � ����

$OVR� E\ WKH GHnQLWLRQ RI 9 AVL�� IRU HDFK � � l�� ZH KDYH

9L�I M K� p �
�� w 9 AVL��� ��

� � l�� ����

6LQFH MX�V� b XL�V�M � s �� WKHQ M9M�I MK� b 9L�I MK�M � s � KROGV IRU DOO L� M � ,� DOO I � DOO V�
DQG DOO K � +� DQG WKHUHIRUH� ���� DQG ���� LPSO\

9L�I M K� p �
�� w 9 AVL�� b s� ����

DQG
9L�I M K� p �

�� w 9
AVQVe

M

L�� b s� ����

UHVSHFWLYHO\� 6XEVWLWXWLQJ WKHVH LQHTXDOLWLHV LQWR ����� ZH REWDLQ

9L�I MK�� w ��b
;
���l

t����X
�

L�AV� �
;
���l

t���9
AV
L�� b s� ����

,QHTXDOLWLHV ���� DQG ���� LPSO\

9 AVL� w ��b
;
���l

t����X
�

L�AV� �
;
���l

t���9
AV
L�� b

qt

��M,M� ��MlM
b s� ����

6LQFH L ZDV DUELWUDULO\ FKRVHQ� ���� KROGV IRU DOO L � ,� %\ GHnQLWLRQ� 9 AVL��  9 AV
L IRU VRPH ���

7DNH VXFK ��� 7KHUH H[LVWV L � , VXFK WKDW AVL � VeL � 7KHQ WKHUH H[LVWV D FKDLQ ��� ��� � � � � �1
ZLWK 1 � MlM DQG �1 � lL VXFK WKDW S�Qb��Q ! � IRU DOO Q  �� c c c � 1 � 6HTXHQWLDOO\

��



VXEVWLWXWLQJ �Q �Q  �� �� c c c �1 LQ SODFH RI � LQ ���� DQG DSSO\LQJ ����� ZH REWDLQ

9 AV
L w ��b

3
���l t�����X

�

L�AV� �
;

��� ��
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AV
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L�AV� �
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�
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���l t�1���X
�

L�AV� �
;

��� �1

t�1b���9
AV
L��

�
�

�t����t�1b��19
AVQVe

L

L�1
b qt
��M,M� ��

b sMlM�

����

8VLQJ 9 AVL� w 9 AVL ��� � l�� ZH KDYH

9 AVL w

�
�b

t���� c c c t�1b��1

t���� c c c � �1�

�
X�L�AV� �

t���� c c c t�1b��1

t���� c c c � �1�
9
AVQVe

L

L b
�q

��M,M� ��

7KXV� IRU DOO U � xU�

9 AVL ! 9
AVQVe

L

L b
q

M,M� �
�

ZKHUH� E\ FRQVWUXFWLRQ� AVQVeL � 6Nb�� (

e�� �Lhi L? Bi?ih�U�|)

7KRXJK XQLTXHQHVV RI WKH 3DUHWR RSWLPDO RXWFRPH LV QRW JHQHUDOO\ SRVVLEOH� L�H�� QRW SRVVLEOH
IRU DOO GLVFRXQW UDWHV� IRU JHQHUDO FRRUGLQDWLRQ JDPHV ZLWK DV\PPHWULF FRVWV RI PLVFRRUGLQD�
WLRQ ZH GR HVWDEOLVK DV\PSWRWLF XQLTXHQHVV IRU DQ LQWHUYDO RI GLVFRXQWV UDWHV� 7KLV VWDQGV
LQ FRQWUDVW ZLWK VWDQGDUG UHSHDWHG JDPHV� 3DUHWR LQIHULRU 1DVK HTXLOLEULD RI WKH VWDJH JDPH
DUH DOZD\V HTXLOLEULD RI WKH VWDQGDUG UHSHDWHG JDPH� UHJDUGOHVV RI WKH YDOXH RI WKH GLVFRXQW
UDWH� :H VKRZ WKDW WKH LQIHULRU 1DVK HTXLOLEULXP LV QRW VXVWDLQDEOH LQ D QHLJKERUKRRG RI
GLVFRXQW UDWHV IRU WKH FODVV RI V\PPHWULF � d � FRRUGLQDWLRQ JDPHV JLYHQ LQ *��

2

Ve� xV�

� Ve� Xe� Xe n� �

xV� �� n �� �

*�

��



A�iLhi4 e &RQVLGHU DQ\ DV\QFKURQRXVO\ UHSHDWHG JDPH b  K*�� y� al� �S����� UL ZLWK *�
DV DERYH ZKHUH Xe ! � DQG n ! �� 7KHQ WKHUH H[LVWV D QRQHPSW\ RSHQ VHW 5 � ����� VXFK
WKDW LI U � 5 WKHQ IRU DQ\ SHUIHFW HTXLOLEULXP I �

9L�I MK�  Xe� �L� �K ZLWK V�K�  Ve�

DQG ZLWK SUREDELOLW\ RQH� WKHUH LV VRPH KLVWRU\ K ZLWK V�K�  Ve LV UHDFKHG�

1RWH WKDW IURP WKH SURRI LW ZLOO EH FOHDU WKDW WKH SDUDPHWULF SDUW RI *� LV QRW HVVHQWLDO
WR WKH DUJXPHQW�

ThLLu Lu A�iLhi4 e )L[ D SHUIHFW HTXLOLEULXP I � )LUVW� OHW 9 L  LQIV�K� Ve 9L�I MK� �L  
�� ��� $VVXPH WKH FRQWUDU\� L�H�� WKDW 9 � � Xe� 1RWH WKDW 9 � � Xe KROGV� WRR� %\ WKH
UHFXUVLYH IRUPXOD IRU 9 DQG WKH DERYH FRQWUDSRVLWLYH DVVXPSWLRQ� IRU DOO q ! � WKHUH H[LVWV
K  Kq � + VXFK WKDW SOD\HU � VZLWFKHV WR xV� DW K

�  K p �� ZLWK SRVLWLYH SUREDELOLW\ ZKHUH
S��K��� ! �� DQG

9 � ! 9��I MK�b q

DQG
9 � ! 9��I MK p ��

�� xV��� ����

KROG� %\ SHUIHFWLRQ RI I �

9��I MK p ��
�� xV��� w 9��I MK p ��

�� Ve��� w 9 �� ����

/HW d�LM��� �L  �� �� EH JLYHQ E\

d�LM���  
;

�������ccc��1 ��al�LM���

t���� c c c t�1b��1

 
;

�������ccc��1 ��al�LM���

S���� c c c S�1b��1

�=
�

�
HbU~Gy�~�

w1

ZKHUH
al�LM���  I���� c c c � �1 � � lM ��  ��� �Q � 1 � �Q �� lL� �1 � lLJ�

7KDW LV� al�LM��� LV WKH VHW RI VHTXHQFHV RI �
V ZKLFK VWDUW ZLWK �� DQG UHDFK D VWDWH LQ lL

DIWHU 1 RSSRUWXQLWLHV IRU WKH nUVW WLPH� 6LPLODUO\� d�LMM��� �L� M� LV JLYHQ E\

d�LMM���  
;

�������ccc��1 ��al�LMM���

t���� c c c t�1b��1

ZKHUH

al�LMM���  I���� c c c � �1� � lM ��  ��� �Q � �Q � lL��Q � 1 � �Q  � lM� �1 � lMJ�

��



7KDW LV� al�LMM��� LV WKH VHW RI VHTXHQFHV RI �
V VLPLODU WR al�MM��� EXW SOD\HU L JHWV DW OHDVW
RQH UHYLVLRQ RSSRUWXQLW\ EHIRUH M�

2EVHUYH WKDW ZH FDQ ZULWH DQ\ FRQWLQXDWLRQ 9L�I MK� DV D ZHLJKWHG VXP

$KX
e �%KXL�V

e

�� xV�� � &K c � �'KXL�xV�� V
e

��

ZLWK $K � %K � &K �'K  �� /HW K
� VDWLVI\ V�K��  �Ve�� xV�� DQG VXFK WKDW xV LV DVVXPHG WR

EH UHDFKHG IURP K�� 2EVHUYH WKDW

9��I MK
�� b 9��I MK

��  n�%K� b'K��

1H[W� REVHUYH WKDW %K� ! �b d��M�� DV WKH WRWDO IUDFWLRQ RI WLPH VSHQW LQ �Ve�� xV�� PXVW EH
DW OHDVW WKH GLVFRXQWHG SUREDELOLW\ WKDW SOD\HU � GRHV QRW KDYH D UHYLVLRQ RSSRUWXQLW\ VLQFH
xV LV DVVXPHG WR EH UHDFKHG IURP K�� $OVR� 'K� � d���M�� VLQFH d���M�� LV WKH IDVWHVW WLPH
LW WDNHV IRU WKH SOD\HUV WR UHDFK �xV�� V

e

�� DQG VWD\ WKHUH SHUPDQHQWO\� 6LQFH WKH SOD\HUV ZLOO
QRW UHPDLQ LQ �xV�� V

e

�� SHUPDQHQWO\ XQGHU I � 'K� � d���M��� +HQFH� WKH IROORZLQJ LQHTXDOLW\
KROGV�

9��I MK p ��
�� xV��� b 9��I MK p ��

�� xV��� w n� �bd��M���bd���M��� �� ����

2EVHUYH WKDW WKH ULJKW KDQG VLGH �5+6� RI ���� WHQGV WR EH SRVLWLYH DV U JRHV WR LQnQLW\� DQG
WHQGV WR EH QHJDWLYH DV U DSSURDFKHV WR ]HUR� /HW U� ! � EH VXFK WKDW WKH 5+6 RI ���� LV
]HUR� 6XFK DQ U� H[LVWV VLQFH WKH 5+6 RI ���� LV FRQWLQXRXV� 7KHQ ���� WKURXJK ���� LPSO\
WKDW IRU U ! U��

9 � ! 9 ��

6ZLWFKLQJ � ZLWK �� ZH FDQ PDNH WKH VDPH DUJXPHQW WR REWDLQ

9 � ! 9 �

IRU U ! U� ZKHUH U� LV VLPLODUO\ GHnQHG� 7KHVH WZR LQHTXDOLWLHV FRQWUDGLFW ZLWK HDFK RWKHU LI
U ! PD[IU�� U�J� 7KHUHIRUH� IRU WKLV U� 9 L  Xe IRU L  �� ��

1H[W� IURP DQ DFWLRQ SURnOH �Ve�� xV��� LI SOD\HU �
V UHYLVLRQ QRGH LV UHDFKHG� KH FKDQJHV KLV
DFWLRQ WR Ve�� 7KHUHIRUH� IURP WKLV SURnOH SOD\HU � REWDLQV DW OHDVW

n��bd��M��� � d��M��Xe ����

SURYLGHG WKDW WKH FXUUHQW VWDWH LV � � l� /LNHZLVH� SOD\HU � REWDLQV DW OHDVW

n��bd��M��� � d��M��Xe ����

IURP �xV�� V
e

�� DW VWDWH ��

1RZ� ZH PXVW VKRZ WKDW IRU VRPH U ! PD[IU�� U�J� DW OHDVW RQH RI WKH SOD\HUV� VD\ SOD\HU
L� VZLWFKHV WR VeL IURP SURnOH �xV�� xV�� DQG DW VRPH VWDWH � � lL� 6XSSRVH U

� w U�� 7KH RWKHU
FDVH LV DQDO\]HG LQ WKH VDPH ZD\� 6LQFH d��M�� ! d���M��� ���� LPSOLHV WKDW WKHUH H[LVWV

��



AU ! U� XQGHU ZKLFK d��M�� ! � �� /HW 5  �PD[IU�� U�J� AU� | �� 7KHQ IRU DOO U LQ 5� ����
LV JUHDWHU WKDQ RQH VLQFH Xe w �� ,W LPSOLHV WKDW VWD\LQJ DZD\ IURP Ve FDQQRW EH D SHUIHFW
HTXLOLEULXP� 7KXV� Ve LV UHDFKHG ZLWK SUREDELOLW\ RQH� %XW RQFH LW LV UHDFKHG� WKH DFWLRQ
SURnOH QHYHU OHDYHV LW LI U ! PD[IU�� U�J� 7KHUHIRUH� Ve EHFRPHV WKH XQLTXH RXWFRPH LQ WKH
ORQJ UXQ� (

D � �L?|�?��|) +it�*|

)LQDOO\� ZH HVWDEOLVK DQ ?DSSUR[LPDWLRQ 7KHRUHP� VWDWLQJ WKDW WKH VHW RI HTXLOLEULXP SD\�
RmV IRU D RQH SDUDPHWHU IDPLO\ RI UHQHZDO JDPHV ZLWK SXUH FRRUGLQDWLRQ VWDJH JDPHV YDULHV
?FRQWLQXRXVO\� EHWZHHQ WKH )RON 7KHRUHP SD\RmV DQG IXeJ DV WKH DSSUR[LPDWLQJ SDUDPH�
WHU YDULHV EHWZHHQ DQ DV\QFKURQRXVO\ UHSHDWHG JDPH DQG D VWDQGDUG UHSHDWHG JDPH� 7KH
UHVXOW GHPRQVWUDWHV WKDW WKHUH LV QR GLVFRQWLQXLW\ EHWZHHQ WKH )RON 7KHRUHP DQG ?DQWL�)RON
7KHRUHP� UHVXOWV�

&RQVLGHU D UHQHZDO JDPH K*� y� S���� UL LQ ZKLFK * LV D SXUH FRRUGLQDWLRQ JDPH DQG
l  �, � 1RZ GHnQH D ?p�DSSUR[LPDWLRQ� WR D VWDQGDUG UHSHDWHG JDPH DV D WXSOH

bp  K*� yp� al� Sp� UL

ZKHUH
yp�;N � >�b p� � � p@� w �b p� �N� ����

DQG ;
M�,

Sp&IMJ  p DQG Sp&,  �b p� �& t ,� ����

+HUH� WKHUH LV SUREDELOLW\ �b p WKDW DOO SOD\HUV PRYH DW RQFH DW UHYLVLRQ RSSRUWXQLWLHV DW WKH
MXPSV RI FORVH WR XQLW OHQJWK� ,I p  � WKHQ S SODFHV IXOO VXSSRUW RQ WKH VLQJOHWRQ VHWV DQG
VR �D�V�� RQO\ RQH SOD\HU PRYHV DW D WLPH�

*LYHQ * OHW

xXe  X�Ve�

Xe  PLQIX�}� � } LV D PL[HG 1DVK HTP SURnOHJ

DQG OHW

(�b�  (�K*� y� al� S� UL�  Q
x9 � �,

nnn � 3HUIHFW HTXLOLEULXP I DQG �K � +� V�W� x9L  9L�I MK���L
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7KH VHW (�b� GHQRWHV WKH 3HUIHFW HTXLOLEULXP SD\RmV RI b� 1RZ OHW
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(�b� LQ +RXVGRUm PHWULF
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7KH VHW x(�b� LV WKH OLPLW RI WKH VHW RI 3HUIHFW HTXLOLEULXP SD\RmV RI b WDNHQ DV U DSSURDFKHV
]HUR�

A�iLhi4 D *LYHQ D UHQHZDO JDPH bp ZLWK SXUH FRRUGLQDWLRQ� WKHUH LV D s�p� ! � VXFK WKDW

�L� x(�bp�  >xXe b s�p�� xXe@�

�LL� s�c� LV FRQWLQXRXV� DQG s�p�� � DV p � � ZKLOH s�p�� xXe b Xe DV p � ��

%HIRUH SURFHHGLQJ ZLWK WKH SURRI ZH VKRXOG HPSKDVL]H WKDW WKH UHVXOW GRHV QRW SURYH
WKDW WKH VWDQGDUG UHSHDWHG PRGHO LV UREXVW VLQFH WKH p DSSUR[LPDWLRQ LV MXVW RQH ZD\ RI
GHnQLQJ WKH VWDQGDUG PRGHO DV D OLPLW RI VHTXHQFHV RI UHQHZDO JDPHV� 5HFDOO ([DPSOH � LQ
6HFWLRQ � ZKLFK SURYLGHV DQ DOWHUQDWLYH GHnQLWLRQ� ,Q WKDW IRUPXODWLRQ� WKH VWDQGDUG PRGHO
LV QRW UREXVW VLQFH LW LV WKH OLPLW RI VHTXHQFHV RI DV\QFKURQRXVO\ UHSHDWHG JDPHV GHnQHG E\
([DPSOH � �DV RSSRVHG WR EHLQJ D OLPLW RI VHTXHQFHV RI JDPHV LQ ZKLFK VRPH GHFLVLRQV DUH
PDGH DV\QFKURQRXVO\ _ ZKLFK LV WKH FDVH KHUH��

ThLLu Lu A�iLhi4 D )L[ q ! �� )L[ p ! �� DQG U ! �� DQG DQ HTXLOLEULXP I RI bp JLYHQ U�
7KH DUJXPHQW PLUURUV WKDW RI 7KHRUHPV � DQG �� :H nUVW JLYH D ORZHU ERXQG WR 3( SD\RmV�
WKHQ VKRZ WKDW WKH SD\RmV WKDW H[FHHG WKLV ERXQG OHVV q DUH DFKLHYHG LI U LV VXpFLHQWO\ VPDOO�
7KLV ORZHU ERXQG ZLOO EH VKRZQ WR EH xXeb s�p� ZLWK s�p� VDWLVI\LQJ WKH UHTXLVLWH SURSHUWLHV�

*LYHQ WKH p DSSUR[LPDWLRQ� bp� GHnQH �DV LQ 7KHRUHP �� 9  LQII9 �I MK� � V�K�  VeJ�
7KHQ IRU DQ\ � ! � WKHUH LV VRPH KLVWRU\ K ZLWK V�K�  Ve VXFK WKDW
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*LYHQ WKH FRQVWUXFWLRQ RI WKH p DSSUR[LPDWLRQ ZH FDQ UHZULWH WKH ULJKW KDQG VLGH RI ���� DV
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:LWK 3HUIHFWLRQ LW IROORZV WKDW 9 �I M Kp ILJ� w 9 �IbL� AILM Kp ILJ� IRU DOO AIL� ,Q SDUWLFXODU WKLV
LQHTXDOLW\ KROGV IRU DQ\ AIL ZLWK AIL�K p ILJ�  VeL � 7KHUHIRUH� ZH KDYH
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,I LQGLYLGXDOV XVH WKHLU PLQLPD[ VWUDWHJLHV LQ VWDWH K p , WKHQ ���� EHFRPHV
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6LQFH ���� KROGV IRU DOO � ! �� WKHUH LV D QXPEHU s�p� ! � ZKLFK VDWLVnHV WKH OLPLW SURSHUWLHV
RI �LL�� ,W LV JLYHQ E\
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2EVHUYH WKDW s�c� LV FRQWLQXRXV� 1RZ WKH VDPH EDFNZDUG LQGXFWLRQ DUJXPHQW DV LQ 7KHRUHP
� VKRZV WKDW WKHUH LV VRPH xU ! � VXFK WKDW LI � � U � xU WKHQ 9 �I MK� LV JUHDWHU WKDQ
xXe b s�p�b q JLYHQ DQ\ LQLWLDO KLVWRU\ K�

,W UHPDLQV WR VKRZ WKDW DQ\ SD\Rm ZKLFK H[FHHGV WKLV ORZHU ERXQG FDQ EH DFKLHYHG DV
D OLPLW SD\Rm RI D VHTXHQFH RI 3HUIHFW HTXLOLEULXP SD\RmV DV U � �� /HW �AX�� AX�� GHQRWH D
SD\Rm WKDW H[FHHGV WKH ORZHU ERXQG LQ ����� :H FRQVWUXFW WKH HTXLOLEUXP I WR DSSUR[LPDWH
�AX�� AX�� LI U LV VPDOO� )RU DQ\ KLVWRU\ K DQG DW DQ\ VWDWH �  ILJ� L � ,� OHW IL�K p ILJ�  VeL �
7KDW LV� DW DOO DV\QFKURQRXV GHFLVLRQ VWDWHV� SOD\ UHPDLQV LQ RU UHWXUQV WR Ve DV VRRQ DV
SRVVLEOH� ,I K LV RQ WKH HTXLOLEULXP SDWK� ZH GHnQH DW GHFLVLRQ VWDWH �  ,� IL�K

W p ,�  a}L
IRU HDFK L ZKHUH aXL  

3
V�6 a}XL�V� LV GHnQHG LPSOLFLWO\ E\
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6LQFH WKHUH LV D PL[HG VWUDWHJ\ WKDW FDQ DFKLHYH DQ\ V\PPHWULF SD\Rm LQ >Xe� xXe@ VXFK D a}
DQG aX FDQ EH IRXQG� ,I WKHUH LV HYHU D GHYLDWLRQ IURP WKLV VWUDWHJ\ ZH OHW IL�K

W p ,�  }L DIWHU
WKH GHYLDWLRQ KLVWRU\ KW ZKHUH } DFKLHYHV WKH PLQLPD[ SD\Rm Xe� 6LQFH AXL ! xXL b s�p�� WKH
PLQLPD[ SXQLVKPHQW GHWHUV GHYLDWLRQV IURP WKH SUHVFULEHG I � $OVR� VLQFH xXL b s�p� LV LWVHOI
D 3HUIHFW HTXLOLEULXP FRQWLQXDWLRQ SD\Rm� I LV D 3HUIHFW HTXLOLEULXP ZKLFK DFKLHYHV SD\Rm
SURnOH AX� (

S +i*@|i_ w�|ih@|�hi

7KH PDWKHPDWLFV XVHG WR SURYH WKH UHVXOW IRU SXUH FRRUGLQDWLRQ JDPHV IROORZV WKH RQH XVHG
LQ WKH SURRI RI WKH XQLPSURYDELOLW\ UHVXOW GXH WR +RZDUG ������� ZKR VKRZV WKDW SLHFHZLVH
RSWLPL]DWLRQ� L�H�� ORFDO RSWLPL]DWLRQ DW HYHU\ GHFLVLRQ QRGH� LQGXFHV JOREDO RSWLPL]DWLRQ LQ
D VLQJOH SHUVRQ GHFLVLRQ SUREOHP ZLWK SHUIHFW UHFDOO� /RFDO RSWLPL]DWLRQ DW HYHU\ GHFLVLRQ
QRGH LV HTXLYDOHQW WR D 1DVK HTXLOLEULXP LQ D JDPH ZKHUH DQ\ WZR GHFLVLRQ QRGHV EHORQJ WR
GLmHUHQW DJHQWV� 7KXV� WKHVH WZR SURRIV DUH HVVHQWLDOO\ WKH VDPH VLQFH DQ DV\QFKURQRXVO\
UHSHDWHG JDPH ZLWK D SXUH FRRUGLQDWLRQ JDPH DV LWV VWDJH JDPH LV LGHQWLFDO ZLWK D VLQJOH
SHUVRQ GHFLVLRQ SUREOHP ZLWK PDQ\ DJHQWV� 7KXV� WKRXJK WKH SURRIV RI RWKHU UHVXOWV REWDLQHG
LQ WKH SUHVHQW SDSHU FDQQRW EH UHGXFHG WR FRUROODULHV RI WKH XQLPSURYDELOLW\ UHVXOW� LW LV WKH
IUDPHZRUN RI WKH DQDO\VLV UDWKHU WKDQ PDWKHPDWLFV WKDW GLVWLQJXLVKHV WKH SUHVHQW SDSHU
IURP SUHFHGLQJ SDSHUV RQ VLQJOH SHUVRQ GHFLVLRQ SUREOHPV� ,QFLGHQWDOO\� $EUHX ������ XVHV
WKH VDPH ORJLF DV +RZDUG WR SURYH WKH IRON WKHRUHP LQ VWDQGDUG UHSHDWHG JDPHV� ,W VKRXOG EH

��



QRWHG� WKHUHIRUH� WKDW WKH PDWKHPDWLFDO VWUXFWXUH RI VWDQGDUG UHSHDWHG JDPHV LV YHU\ GLmHUHQW
IURP WKDW RI DV\QFKURQRXVO\ UHSHDWHG JDPHV� (YHQ LI WKH VWDJH JDPH LV SXUH FRRUGLQDWLRQ�
WKH 3DUHWR LQIHULRU RXWFRPH LV VXVWDLQHG DV DQ HTXLOLEULXP� 7KLV LV EHFDXVH LQ D UHSHDWHG
JDPH ZLWK VLPXOWDQHRXV FKRLFH� WKH DVVXPSWLRQ RI SHUIHFW UHFDOO PXVW EH VDFULnFHG LQ RUGHU
WR YLHZ LW DV D VLQJOH SHUVRQ GHFLVLRQ SUREOHP�

7KH EUHDNGRZQ RI VLPXOWDQHLW\ DVVXUHV RSWLPDOLW\ LQ DQRWKHU IUDPHZRUN JLYHQ LQ 5XELQ�
VWHLQ DQG :ROLQVN\ ������� 7KH\ FRQVLGHU D VWDQGDUG LQnQLWH UHSHWLWLRQ RI DQ H[WHQVLYH IRUP
JDPH RI SXUH FRRUGLQDWLRQ� ,Q WKHLU PRGHO WKH RSWLPDO RXWFRPH LV DOVR REWDLQHG� 6WULFWO\
VSHDNLQJ� WKHLUV LV QRW DQ DV\QFKURQRXVO\ UHSHDWHG JDPH VLQFH SD\RmV RQO\ RFFXU DW WKH HQG
RI HDFK SHULRG� 6LQFH WKH SHUIHFW HTXLOLEULXP RI WKHLU H[WHQVLYH IRUP VWDJH JDPH LV XQLTXH�
WKH VHW RI HTXLOLEULXP SD\RmV GRHV QRW VKULQN ZLWK UHSHWLWLRQ� 1HYHUWKHOHVV� WKH H[WHQVLYH
IRUP VWDJH JDPH EUHDNV WKH ?V\QFKURQL]HG PLVWDNH� LQ PXFK WKH VDPH ZD\ DV LQ RXU PRGHO�
:H YLHZ RXU UHVXOWV DV RQH QDWXUDO ZD\ RI DFKLHYLQJ WKHLU ?H[WHQVLYH IRUP� LQWXLWLRQ LQ UH�
SHDWHG JDPHV� DOWKRXJK ZH GR QRW \HW NQRZ LI RXU JHQHULFLW\ UHVXOWV H[WHQG WR WKH VWDQGDUG
PRGHO RI UHSHWLWLRQ RI H[WHQVLYH IRUP JDPHV�

2WKHU DV\QFKURQRXV FKRLFH PRGHOV KDYH EHHQ VWXGLHG WR VRPH H[WHQW LQ YDULRXV VHWWLQJV�
$V D SRLQWV RI FRPSDULVRQ ZLWK UHODWHG PRGHOV� ZH HPSKDVL]H WKH ZRUN RQ EDUJDLQLQJ E\
3HUU\ DQG 5HQ\ ������ � WKH G\QDPLF ROLJRSRO\ SUREOHPV VWXGLHG E\ 0DVNLQ DQG 7LUROH
������� )DUUHOO DQG 6DORQHU ������� *DOH ������� DQG 0RUULV ������� DQG RXU SUHYLRXV ZRUN
�VRPH ZLWK 5DIDHO 5RE�� RQ DV\QFKURQRXVO\ UHSHDWHG JDPHV ZLWK HYROXWLYH G\QDPLFV �0DWVXL
DQG 5RE ������� /DJXQRm DQG 0DWVXL ������� DQG /DJXQRm ��������

,Q WKH 3HUU\�5HQ\ PRGHO� LQGLYLGXDOV FDQ PRYH DW DQ\ WLPH� ZLWK D VPDOO GHOD\ DIWHU
HDFK SOD\HU PRYHV� 7KH\ VKRZ WKDW LI SOD\HUV FDQ UHDFW WR RmHUV LQVWDQWDQHRXVO\ WKHQ WKH
VHW RI HTXLOLEULD DUH ERXQGHG E\ WKH nUVW DQG VHFRQG PRYHU SD\RmV� UHVS�� RI WKH 5XELQVWHLQ
EDUJDLQLQJ PRGHO� 7KH 3HUU\�5HQ\ PRGHO RmHUV WKH DGYDQWDJH RYHU RXU IUDPHZRUN WKDW
WKH FKRLFH RI WLPLQJ RI PRYHV LV HQGRJHQRXV VXEMHFW WR D n[HG ZDLWLQJ WLPH WKDW PXVW EH
HQGXUHG DIWHU D SOD\HU PDNHV DQ RmHU� +RZHYHU� VLQFH SOD\HUV KDYH WKH RSWLRQ RI PRYLQJ
VLPXOWDQHRXVO\� LW DSSHDUV WKDW LQ WKH DGDSWDWLRQ RI WKHLU PRGHO WR WKH UHSHDWHG JDPH� HDFK
RI WKH VWDWLF 1DVK HTXLOLEULD RI D FRRUGLQDWLRQ JDPH ZLOO SHUVLVW DV 3HUIHFW HTXLOLEULD�

0DVNLQ DQG 7LUROH UXOH RXW VLPXOWDQHRXV PRYHV E\ FRQVLGHULQJ DQ DOWHUQDWLQJ PRYH JDPH
LQ ZKLFK� LQ RQH YDULDQW RI WKH PRGHO� HDFK nUP VHWV FDSDFLW\ JLYHQ WKH �WHPSRUDULO\� n[HG
FDSDFLW\ RI ULYDOV� 7KH WLPLQJ VWUXFWXUH RI WKH PRGHO LV VXEVXPHG LQ RXU JHQHUDO GHnQLWLRQ
RI DV\QFKURQRXVO\ UHSHDWHG JDPHV� KRZHYHU� WKHLU LQWHUHVW LV ZLWK VWUDWHJLF EHKDYLRU WKDW
GHSHQGV RQO\ RQ SD\Rm UHOHYHQW LQIRUPDWLRQ� L�H�� QDWXUDO VWDWH YDULDEOHV�

:RUNV E\ )DUUHOO DQG 6DORQHU ������� *DOH ������� DQG 0RUULV ������ DUH DOVR UHODWHG WR
WKH SUHVHQW SDSHU� )DUUHOO�6DORQHU DQG *DOH VKRZ WKDW LQ DQ Q�SHUVRQ FRRUGLQDWLRQ JDPH
ZLWK DV\QFKURQRXV FKRLFH DQG nQLWHO\ PDQ\ PRYHV� D 3DUHWR HpFLHQW RXWFRPH LV DWWDLQHG
LI SOD\HUV DUH VXpFLHQWO\ SDWLHQW� %DFNZDUG LQGXFWLRQ LV XVHG WR HVWDEOLVK WKDW ZKHQ� VD\�
nUVW N � Q SOD\HUV FRRSHUDWH� WKH �N � ��WK SOD\HU DOVR FRRSHUDWHV� 7KRXJK LWV ORJLF ORRNV
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VLPLODU WR RXUV DW D nUVW JODQFH� LW LV YHU\ GLmHUHQW� 7KH GLmHUHQFH LV PDQLIHVWHG LQ *DPH *��
,Q WKLV JDPH� Ve LV XQLTXHO\ DWWDLQHG LQ WKH IUDPHZRUN RI )DUUHOO�6DORQHU DQG *DOH� ZKLOH xV
LV DOVR UHDFKHG LQnQLWHO\ RIWHQ LQ RXU IUDPHZRUN� 7KH GLmHUHQFH LV WKDW WKHUH LV QR IHDU RI
?UHWDOLDWLRQ� IRU WKH ODVW SHUVRQ LQ WKHLUV� ZKLOH WKHUH LV DOZD\V D FKDQFH RI ?UHWDOLDWLRQ� LQ
RXU IUDPHZRUN� :KHQ WKH JDPH SOD\HG LV D SXUH FRRUGLQDWLRQ JDPH� WKLV ?UHWDOLDWLRQ� GRHV
QRW ZRUN VLQFH RQH ZKR ?UHWDOLDWHV� DOVR KDUPV KLPVHOI WR WKH VDPH GHJUHH� 0RUULV FRQVLGHUV
D VWUDWHJLF HQYLURQPHQW VLPLODU WR )DUUHOO�6DORQHU DQG *DOH H[FHSW WKDW WKH HQWU\ WLPHV LQWR
WKH JDPH RI HDFK RI WKH Q LQGLYLGXDOV DUH QRW FRPPRQ NQRZOHGJH� (DFK SOD\HU REVHUYHV KLV
RZQ ?FORFN� EXW NQRZV RQO\ WKH VXSSRUW RI WKH GLVWULEXWLRQ RYHU RWKHUV
 FORFNV� ,Q FRQWUDVW
WR WKH nUVW WZR� 0RUULV VKRZV WKDW RSWLPDO FRRUGLQDWLRQ LV� LQ IDFW� QHYHU DFKLHYHG� $V
ZLWK WKH RWKHU WZR� WKH QRQUHSHWLWLYH VWUDWHJLF HQYLURQPHQW SUHYHQWV ?UHWDOLDWLRQ�� :LWKRXW
WKLV WKUHDW� V\QFKURQL]HG FRRUGLQDWLRQ XQUDYHOV ZKHQ WKH WLPLQJ RI PRYHV LV QRW FRPPRQ
NQRZOHGJH�

0RUH FORVHO\ UHODWHG WR WKH SUHVHQW SDSHU DUH WKH 0DWVXL�5RE� /DJXQRm�0DWVXL� DQG
/DJXQRm HYROXWLYH PRGHOV ZKLFK DVVXPH WKH 3RLVVRQ UHYLVLRQ SURFHVV RI ([DPSOH � LQ 6HFWLRQ
�� 1HZ LQGLYLGXDOV ZHUH DVVXPHG WR HQWHU WKH JDPH VWRFKDVWLFDOO\ DQG DV\QFKURQRXVO\� ,Q
WKH nUVW WZR PRGHOV KHWHURJHQHRXV IRUHFDVWV DFURVV JHQHUDWLRQV SURYLGHG WKH LPSHWXV IRU
FKDQJH� ,Q WKH ODVW PRGHO� SHUIHFW IRUHVLJKW ZDV DVVXPHG DQG� IRU WKLV UHDVRQ� LV FORVHVW WR
WKH SUHVHQW HTXLOLEULXP PRGHO��

7KHUH LV DOVR D VL]DEOH OLWHUDWXUH ZKLFK FKDUDFWHUL]HV HTXLOLEULD RI UHSHDWHG JDPHV WKDW
GLmHU LQ RWKHU UHVSHFWV IURP WKH VWDQGDUG PRGHO� 7ZR GLVWLQFW �WKRXJK UHODWHG� DSSURDFKHV
PD\ EH IRXQG� ,Q RQH� UHVWULFWLRQV DUH SODFHG RQ UHSHDWHG JDPH HTXLOLEULD E\ FRQVLGHULQJ WKRVH
WKDW DUH OLPLW SRLQWV RI VHTXHQFHV RI HTXLOLEULD RI SHUWXUEHG JDPHV ZLWK SHUWXUEDWLRQV LQ WKH
LQIRUPDWLRQ VWUXFWXUH� 2IWHQ WKHVH SHUWXUEDWLRQV DOORZ WKH SOD\HUV WR SUHFRPPLW WR SDUWLFXODU
RXWFRPHV WKURXJK UHSXWDWLRQ RU LQIRUPDWLRQDO OHDNDJH� ([DPSOHV LQFOXGH )XGHQEHUJ DQG
/HYLQH ������� 0DWVXL ������� DQG $XPDQQ DQG 6RULQ ������� $OO RI WKHVH KDYH XQLTXH
?OLPLW HTXLOLEULD� IRU D FHUWDLQ FODVV RI VWDJH JDPHV�

)XGHQEHUJ DQG /HYLQH �)/� ������� IRU LQVWDQFH� FKDUDFWHUL]H RXWFRPHV RI D UHSHDWHG
JDPH LQ ZKLFK D ORQJ UXQ SOD\HU IDFHV D VHTXHQFH RI VKRUW UXQ RU ?P\RSLF� SOD\HUV� 7KH\
VKRZ WKDW RQO\ SD\RmV WKDW GRPLQDWH D FHUWDLQ ?VWDFNHOEHUJ� SD\Rm DULVH ZKHQ WKH VKRUW
UXQ SOD\HUV KDYH D VPDOO DPRXQW RI XQFHUWDLQW\ UHJDUGLQJ WKH ORQJ UXQ SOD\HU
V ?W\SH���

+RZHYHU� VLQFH )/ DUH SULPDULO\ LQWHUHVWHG LQ PRGHOLQJ UHSXWDWLRQ� WKH\ FRQVLGHU RQO\ ?OLPLW
HTXLOLEULD� DV WKH XQFHUWDLQW\ EHFRPHV QHJOLJLEOH� 7KLV� WRJHWKHU ZLWK WKH SUHVHQFH RI P\RSLF
SOD\HUV RQ RQH VLGH RI WKH JDPH HOLPLQDWHV VRPH RI PXOWLSOLFLW\ FUHDWHG E\ LQnQLWH UHSHWLWLRQ�

�5HODWHG ZRUN LQFOXGHV %OXPH ������� 0DWVXL ������� DQG 0DWVXL DQG 0DWVX\DPD ������� ,QGLYLGXDOV


GHFLVLRQV LQ WKHVH SDSHUV DUH DV\QFKURQRXV� KRZHYHU� WKH SOD\HUV DUH HLWKHU DVVXPHG WR EH P\RSLF� RU DUH

UDQGRPO\ PDWFKHG LQ D ODUJH SRSXODWLRQ VR WKDW QR SOD\HU DFFRXQWV IRU WKH LQWHUWHPSRUDO HmHFWV RI KLV RZQ

EHKDYLRU�
�7KH ?VWDFNHOEHUJ� SD\RmV DUH WKRVH WKDW DULVH LI WKH ORQJ UXQ SOD\HU FRXOG FRPPLW WR D EHKDYLRU VWUDWHJ\

WDNLQJ DV JLYHQ WKH P\RSLF EHVW UHVSRQVH RI WKH VKRUW UXQ SOD\HUV� ,W FRLQFLGHV ZLWK WKH 3DUHWR GRPLQDQW

SD\Rm LQ SXUH FRRUGLQDWLRQ JDPHV�
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$ VHFRQG DSSURDFK XVHV ERXQGV RQ VWUDWHJLF FRPSOH[LW\ WR UHVWULFW HTXLOLEULD LQ UHSHDWHG
JDPHV� ([DPSOHV DUH 5XELQVWHLQ ������� $EUHX DQG 5XELQVWHLQ ������� .DODL� 6DPHW� DQG
6WDQIRUG ������� DQG &KR DQG /L ������� ,Q VRPH RI WKHVH� H�J�� 5XELQVWHLQ ������� 1DVK
HTXLOLEULD RI D VWDQGDUG UHSHDWHG JDPH PD\ EH HOLPLQDWHG DV VROXWLRQV HYHQ LI FRPSOH[LW\
FRVWV HQWHU LQWR SUHIHUHQFHV OH[LFRJUDSKLFDOO\��

%RWK RI WKH DERYH DSSURDFKHV WHQG WR ORRN DW D PRUH JHQHUDO FODVV RI VWDJH JDPHV WKDQ
LV FRQVLGHUHG LQ WKH SUHVHQW ZRUN� $V ZLWK VWDQGDUG UHSHDWHG JDPHV� ZH GLmHU IURP WKHVH
E\ FRQVLGHULQJ IXOO\ UDWLRQDO SOD\HUV �VXEMHFW WR WKH VLPSOLI\LQJ UHFXUVLYLW\ DVVXPSWLRQ�� DQG
ZH FRQVLGHU DOO WKH 3HUIHFW HTXLOLEULD RI WKH UHSHDWHG JDPH�

:H KDYH IRXQG WKH JHQHUDO FKDUDFWHUL]DWLRQ RI HTXLOLEULXP SD\RmV RI DOO DV\QFKURQRXVO\
UHSHDWHG JDPHV WR EH GLpFXOW DQG HOXVLYH� 7KHUH LV QR REYLRXV DQDORJXH WR WKH PLQLPD[
SD\Rm RI VWDQGDUG UHSHDWHG JDPHV� 0RUHRYHU� WKH VXFFHVV RI SXQLVKPHQW WKUHDWV GHSHQG RQ
WKH UHODWLYH IUHTXHQFLHV RI GHFLVLRQ RSSRUWXQLWLHV RI WKH YDULRXV SOD\HUV� :H KRSH WKDW RWKHUV
ZLOO DJUHH WKDW D IXOO FKDUDFWHUL]DWLRQ RI WKH ULFK YDULHW\ RI UHSHDWHG VWUDWHJLF LQWHUDFWLRQ
ZDUUDQWV IXUWKHU H[SORUDWLRQ�

+iuihi?Uit

>�@ $EUHX� '� ������� ?2Q WKH 7KHRU\ RI ,QnQLWHO\ 5HSHDWHG *DPHV ZLWK 'LVFRXQWLQJ��
(FRQRPHWULFD� ��� ��������

>�@ $EUHX� '� DQG $� 5XELQVWHLQ� ?7KH 6WUXFWXUH RI 1DVK (TXLOLEULXP LQ 5HSHDWHG *DPHV
ZLWK )LQLWH $XWRPDWD�� (FRQRPHWULFD� ��� ����������

>�@ $XPDQQ� 5� ������� ?6XUYH\ RI 5HSHDWHG *DPHV�� LQ (VVD\V LQ *DPH 7KHRU\ DQG
0DWKHPDWLFDO (FRQRPLFV LQ +RQRU RI 2VNDU 0RUJHQVWHUQ� 0DQKHLP� %LEOLRJUDSKLVFKHV
,QVWLWXW�

>�@ $XPDQQ� 5� DQG 6� 6RULQ ������� ?&RRSHUDWLRQ DQG %RXQGHG 5HFDOO�� *DPHV DQG (FR�
QRPLF %HKDYLRU� �� �����

>�@ %OXPH� /� ������� ?7KH 6WDWLVWLFDO 0HFKDQLFV RI 6WUDWHJLF ,QWHUDFWLRQ�� *DPHV DQG
(FRQRPLF %HKDYLRU� �� ��������

>�@ &KR� ,��.� DQG +� /L ������� ?&RPSOH[LW\ DQG 1HXUDO 1HWZRUNV�� PLPHR� 8QLYHUVLW\ RI
&KLFDJR�

>�@ )DUUHOO� -� DQG *� 6DORQHU ������� ?6WDQGDUGL]DWLRQ� &RPSDWLELOLW\� DQG ,QQRYDWLRQ��
5DQG -RXUQDO RI (FRQRPLFV� ��� ������

�:LWKRXW WKHVH FRVWV LW LV QRW WUXH QHFHVVDULO\ WKDW WKH VWUXFWXUH RI HTXLOLEULXP SD\RmV GLmHU IXQGDPHQWDOO\

IURP WKH )RON 7KHRUHP� 6HH .DODL DQG 6WDQIRUG �������

��



>�@ )XGHQEHUJ� '� DQG '� .� /HYLQH ������� ?5HSXWDWLRQ DQG (TXLOLEULXP 6HOHFWLRQ LQ
*DPHV ZLWK D 3DWLHQW 3OD\HU�� (FRQRPHWULFD� ��� �������

>�@ )XGHQEHUJ� '� DQG (� 0DVNLQ ������� ?7KH )RON 7KHRUHP LQ 5HSHDWHG *DPHV ZLWK
'LVFRXQWLQJ RU ZLWK ,QFRPSOHWH ,QIRUPDWLRQ�� (FRQRPHWULFD� ��� �������

>��@ *DOH� '� ������� ?'\QDPLF &RRUGLQDWLRQ *DPHV�� (FRQRPLF 7KHRU\� �� �����

>��@ +RZDUG� 5� ������ '\QDPLF 3URJUDPPLQJ DQG 0DUNRY 3URFHVVHV� -RKQ :LOH\ DQG 6RQV�
1HZ <RUN�

>��@ .DODL� (�� 6DPHW � DQG :� 6WDQIRUG ������� ?$ 1RWH RQ 5HDFWLYH (TXLOLEULD LQ WKH
5HSHDWHG 3ULVRQHU
V 'LOHPPD�� ,QWHUQDWLRQDO -RXUQDO RI *DPH 7KHRU\� �������

>��@ .DODL� (�� DQG :� 6WDQIRUG ������� ?)LQLWH 5DWLRQDOLW\ DQG ,QWHUSHUVRQDO &RPSOH[LW\
LQ 5HSHDWHG *DPHV�� (FRQRPHWULFD� ��� ��������

>��@ /DJXQRm� 5� ������� ?2Q WKH (YROXWLRQ RI 3DUHWR 2SWLPDO %HKDYLRU LQ 5HSHDWHG &RRU�
GLQDWLRQ 3UREOHPV�� PLPHR� 8QLYHUVLW\ RI 3HQQV\OYDQLD�

>��@ /DJXQRm� 5� DQG $� 0DWVXL ������� ?(YROXWLRQ LQ 0HFKDQLVPV IRU 3XEOLF 3URMHFWV��
(FRQRPLF 7KHRU\� �� ��������

>��@ 0DUVFKDN� -� DQG 5� 5DGQHU ������� 7KH (FRQRPLF 7KHRU\ RI 7HDPV� <DOH 8QLYHUVLW\
3UHVV� 1HZ +DYHQ�

>��@ 0DVNLQ� (� DQG -� 7LUROH ������� ?$ 7KHRU\ RI '\QDPLF 2OLJRSRO\� ,� 2YHUYLHZ DQG
4XDQWLW\ &RPSHWLWLRQ ZLWK /DUJH )L[HG &RVWV�� (FRQRPHWULFD� ��� �������

>��@ 0DWVXL� $� ������� ?,QIRUPDWLRQ /HDNDJH )RUFHV &RRSHUDWLRQ�� *DPHV DQG (FRQRPLF
%HKDYLRU� �� �������

>��@ 0DWVXL� $� ������� ?(YROXWLRQ DQG 5DWLRQDOL]DELOW\�� PLPHR� 8QLYHUVLW\ RI 3HQQV\OYDQLD�
0DUFK�

>��@ 0DWVXL� $� DQG .� 0DWVX\DPD ������� ?$Q $SSURDFK WR (TXLOLEULXP 6HOHFWLRQ�� -RXUQDO
RI (FRQRPLF 7KHRU\� ��� �������

>��@ 0DWVXL� $� DQG 5� 5RE ������� ?(YROXWLRQ ZLWK )RUZDUG /RRNLQJ 3OD\HUV�� PLPHR�
8QLYHUVLW\ RI 3HQQV\OYDQLD�

>��@ 0RUULV� 6� ������� ?&RRSHUDWLRQ DQG 7LPLQJ�� PLPHR� 8QLYHUVLW\ RI 3HQQV\OYDQLD�

>��@ 3HUU\� 0� DQG 3� 5HQ\ ������� ?$ 1RQ�FRRSHUDWLYH %DUJDLQLQJ 0RGHO ZLWK 6WUDWHJLFDOO\
7LPHG 2mHUV�� -RXUQDO RI (FRQRPLF 7KHRU\� ��� ������

>��@ 5XELQVWHLQ� $� ������� ?)LQLWH $XWRPDWD 3OD\ WKH 5HSHDWHG 3ULVRQHU
V 'LOHPPD�� -RXU�
QDO RI (FRQRPLF 7KHRU\� ��� ������

��



>��@ 5XELQVWHLQ� $� DQG $� :ROLQVN\ ������� ?5HPDUNV RQ ,QnQLWHO\ 5HSHDWHG ([WHQVLYH�
)RUP *DPHV�� *DPHV DQG (FRQRPLF %HKDYLRU� �� ��������

��


