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Abstract

It is shown that every planar graph with no separating triangles is
a subgraph of a Hamiltonian planar graph; that is, Whitney’s theorem
holds without the assumption of a triangulation.
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1 Main result

For k a positive integer, let Bk be the union of k closed half-planes (the
pages) intersecting in a line L (the spine) which is the boundary of each of
the pages. A k-page book embedding of a graph G = (V,E) is an embedding
of G into Bk with vertices mapped to the spine and with edges intersecting
the spine only at their endpoints [14, p. 97].

The book thickness (also called “pagenumber”) of G is the least number
of pages in which G has a book embedding. A graph G has book thickness
at most 2 if and only if G is a subgraph of a planar Hamiltonian graph [4].

Book thickness has been used as a model for complexity in computer
science (e.g., [6], [9]), traffic flow [15], and RNA folding [12]; relations to
other invariants have been studied [7], [15], [10].

A block is a maximal 2-connected subgraph. It is well-known that for
any graph, the genus of the graph is the sum of the genuses of its blocks [3].
For book thickness, it is not difficult to show that maximum replaces sum:
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The book thickness of a graph is the maximum of the book thicknesses of its
blocks. This result completes the proof of Theorem 1 below.

Whitney [18] proved that every planar triangulation with no separating
triangles is Hamiltonian. His result can be extended to non-triangulations.

Theorem 1 Every plane graph with no separating triangle is a subgraph of
a Hamiltonian plane graph.

The approach here, based on Overbay’s thesis [17], uses connectivity. To
stellate a face of a plane graph one adds a new vertex in the face and joins
it by a homeomorphic copy of a star graph to each vertex in the boundary
of the face.

Since there exist maximal planar graphs which are not Hamiltonian, this
is the strongest possible extension. Note that one can’t just add edges with-
out possibly creating triangles that separate. Similarly, adding a stellating
vertex in the interior of a face can produce a separating triangle. By adding
a somewhat more complex subgraph into the faces, an alternative procedure
will result in a triangulation with no separating triangles, but this requires
additional vertices and edges.

Proof.
(1) Every 3-connected plane graph with no separating triangles is a sub-

graph of a Hamiltonian graph.
Stellate the nontriangular faces. Any separating triangle would need to

use one of the new stellating vertices and so the two other vertices would be
a separating pair for the original graph. Hence, the resulting triangulation
has no separating triangles, which suffices by Whitney’s theorem.

(2) Every 2-connected plane graph with no separating triangles is con-
tained in a 3-connected plane graph with no separating triangles.

This is proved by induction on the number k of separating 2-sets. Let G
be a 2-connected plane graph. If k = 0, then G is already 3-connected. Let
k ≥ 1 and choose A = {u, v} a separating 2-set so that G−A = G1∪ . . .∪Gn

where the Gj denote connected components listed in the clockwise order of
the edges joining them to v. One then adds vertices and edges in a specific
way ([16] and [17]) creating a 2-connected plane graph G′ with no separating
triangles where G ⊂ G′ and G′ has fewer separating 2-sets than G. 2
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The extension of Whitney’s Theorem includes previous results: Explicit
proofs were given in [6] that “X-trees” and “square-grids” have book thickness
at most 2; these graphs are planar and have no separating triangles. Planar
bipartite graphs were shown to be 2-page embeddable in [11], see also [9];
and [1, p. 28] noted the 2-page embeddability of triangle-free planar graphs.

2 Applications

Barnette asked if every cubic 3-connected planar bipartite graph is Hamilto-
nian; see, e.g., [13]. By Theorem 1, such a graph is a subgraph of a Hamil-
tonian planar graph.

Two graphs are homeomorphic if they have isomorphic subdivisions. It is
well known that every graph is homeomorphic to a graph of book thickness
at most three [2], [4]. For planar graphs, two pages suffice up to homeomor-
phism.

Corollary 2 A graph is planar if and only if it is homeomorphic to a graph
of book thickness at most two.

Proof. Subdivide at least one edge in each separating triangle. 2

Corollary 3 Every planar graph is homeomorphic to the union of two out-
erplanar graphs.

This is weaker than the conjecture of Chartrand, Geller, and Hedetniemi
[5] that every planar graph has a two-fold edge-partition such that each subset
induces an outerplanar subgraph. See also [8].
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